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Received 06 November 2025  In this study, the contact problem in a functionally graded (FG) layer resting on a
Accepted 25 December 2025 Kerr foundation is considered. The Kerr foundation is a foundation system that has
two springs with a shear plate in between. It is assumed that the thickness of the FG
isotropic layer is h, and it is indented by a cylindrical punch. Moreover, the layer is
loaded by a concentrated force. The shear modulus of the layer is assumed to vary
Contact mechanics exponentially in the thickness direction. The body forces are neglected. The
boundary conditions of the problem are determined considering the geometry of the
problem. The problem is modeled as a singular integral equation using the Fourier
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Fourier transform boundary conditions of the problem. The singular integral equation is solved

Singular integral equation numerically using the Gauss-Chebyshev method, in which the singular integral

equation leads to a system of algebraic equations. The effects of material
inhomogeneity, indentation load, and foundation parameters on the contact behavior
are examined. The detailed mechanical analysis is presented.

1. Introduction

Contact problems are crucial subjects in mechanics. Since the bodies are in contact with each other, stress
and deformations occur in the contact regions. The analytical and numerical studies are improved to examine
the behavior of the contact. Among the various numerical techniques, the Gauss-Chebyshev method is a
particularly effective method for solving the singular integral equations arising in contact problems. The
Gauss-Chebyshev method is applied to a two-dimensional Hertzian contact problem with surface tension by
Long et al. [1]. Yusufoglu and Turhan [2, 3] consider a strip problem under plane strain conditions. While
the problem is solved by an iterative method in [2], the same problem is solved by the Gauss-Chebyshev
method in [3]. Cakiroglu et al. [4] consider the continuous and discontinuous contact problem of two elastic
layers resting on an elastic semi-infinite plane. Stress distributions are determined with the help of Gauss-
Chebyshev integration formulas. Yan and Mi [5] solve a receding contact problem semi-analytically. More
studies in which the Gauss-Chebyshev method is applied to the singular integral equations arising from
contact problems can be seen in the references [6-10].
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Material properties are important in mechanical problems. One of the common materials is functionally
graded materials (FGMs). FGMs are inhomogeneous composites whose material properties vary
continuously along one or more spatial directions. Mechanical problems in the functionally graded (FG)
layers have been widely studied recently. Comez [11] presents a detailed analysis of a cylindrical punch
problem in an FG layer. Karabulut et al. [12] consider an FG orthotropic coated half-plane problem caused
by a moving punch. El-Borgi et al. [13] studied a frictionless receding contact between an elastic functionally
graded layer and a homogeneous half-space. Oner [14] presents a frictionless contact problem in an FGM
coating and orthotropic substrate. Numerical results for three different orthotropic materials are presented.
One can check some other studies indicating the contact problems of FGM in [15-20].

Kerr-type foundations developed by Kerr [21] play an important role in contact mechanics. In Kerr-type
foundation models, the interaction between the structure and the supporting medium can be modeled more
realistically than in the Winkler or Pasternak foundations. Some of the studies in Kerr-type foundations can
be summarized as follows:

Zhang et al. [22] proposed a Kerr-type elastic foundation model of a beam bonded on an elastic layer.
The Finite Element method is applied. Timesli [23] developed an explicit analytical model for the buckling
of a porous FGM cylindrical shell. Shahsavari et al. [24] developed a Galerkin method for the eigenvalue
problem of the quasi-3D hyperbolic plate model of FG plates resting on Winkler, Pasternak, and Kerr
foundations. Paliwal and Ghosh [25] presented the stability of orthotropic plates on a Kerr Foundation.
Comparison of nondimensional critical loads for a plate resting on Winkler, Pasternak, and Kerr foundations
is presented. Besides, some studies about the Kerr foundation are also published in [26-30].

Although the contact problems of a Winkler-Pasternak foundation have been studied by many
researchers, the contact problems of a Kerr foundation have not been investigated yet. To fill this gap in the
literature, the present study considers the contact problem between the rigid cylindrical punch and an FG
isotropic layer on a Kerr foundation. The frictionless plane strain contact problem is solved by applying
elasticity theory and the Fourier transform.

2. Formulation of the problem

This section presents the formulation of the symmetric plane strain contact problem given in Fig. 1. The layer
is an FG elastic layer, and the layer of thickness h is assumed to be supported by an elastic foundation of
Kerr type. A Kerr-type foundation is a foundation system that has two springs with a shear plate in between.
The layer is loaded by a concentrated force P through a rigid cylindrical punch with radius R. In this problem,
the effect of body forces is neglected.
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Fig. 1. Geometry of the FG isotropic layer indented by a cylindrical punch
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The shear modulus p is assumed to vary exponentially through the thickness of the layer as

u(y) = poe”” M
where 4, is the shear modulus on the top surface of the layer, and y is a constant characterizing the material
inhomogeneity.

Hook’s law can be written under the assumption that the FG layer is isotropic at every point, as follows
nun) =20 w4 DT+ -0 7 (a)
u(y)
oy (x,y) = [(3 — )— +(x+1) —] (2b)
[au av] 9
=13 5 ox (2¢)

where u,v are the components of the displacement vectors on the axis x — and y —, respectively. Moreover,
Kk = 3 — 4v for the plane strain, where v is Poisson’s ratio that is taken as a constant.

Substituting Hooke’s law defined by Eqgs. (2) into the equilibrium equations, the following system of
partial differential equations, where the unknowns are the displacements u(x,y) and v(x,y), are obtained
as
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Considering the symmetry of the problem, the Fourier sine and cosine transforms of the displacements
may be written.

2 [oe]
uGy) == [ o(@y)sin(anda (4a)
0

2 oo
v(x,y) = Ej Y(a,y) cos(ax)da (4b)
0

where @ (a,y) and Y (a, y) are inverse Fourier transforms of u(x, y) and v(x, y), respectively. Substituting
Egs. (4) into Egs. (3), and considering the inverse Fourier transforms, the following ordinary differential
equations are obtained

d? d d
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Let us seek the solution of the system of ordinary differential equations defined by Egs. (5) as:

4
0 = ) aje™ (6a)
=1
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4
Vo) = ) Aymem (6b)

j=1
where A; are the unknown functions that will be determined from the boundary conditions of the problem.
The roots of the characteristic equation given by

3—k
nt +2yn? + (y? — 2a®)n} — 2a%yn; + a?(a® +y? m) =0 (7)

can be determined as follows:
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Substituting Egs. (4)-(6) into Egs. (2), stress components for the layer are readily obtained as
4
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3. The boundary conditions and the singular integral equation

Boundary conditions of the contact problem include

_(-px) 0<x<a
Jy(x,O)—{ pox an<oo} (11a)

Tey(x,0) =0 0<x<oo (11b)
Tyy(X,—h) =0 0<x<o (11¢)
kik, kok, 0%v(x,—h)
—h) = —h) — < 11d
O-Z(x! h) kl + ku U(X, h) kl + ku axz O =X < ( )
ov(x,0
((3x )=F(x) 0<x<o (12)

where p(x) is the unknown contact stress between the rigid punch and the layer on the contact area (—a, a).
The Kerr model foundation is a three-parameter elastic model that consists of an upper layer k,,, a shear
layerkgsand a lower layer k;. k,,, ksand k; represents the stiffness of the upper layer, the stiffness of the shear
layer, and the stiffness of the lower layer, respectively. F(x) is the derivative of the profile of the rigid punch;
one may write

X
Fx) =5 (13)

Applying the boundary conditions given by Eq. (11), four of the unknown functions 4; (j = 1,...,4),
appearing in the stress and the displacement expressions for the layer, may be eliminated in terms of the
unknown contact stress p(x). Substituting them into the rested boundary condition Eq. (12) and using the
symmetry consideration, p(x) = p(—x), the following Cauchy-type singular integral equation is obtained.

1r¢ 1
;Lp(t) [m +k(x,0)|de = %% (14)
where
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4
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Since the contact area a and the contact stress p(x) are unknowns in the singular integral Eq. (14), to
complete the solution of the problem, contact stress p(x) must satisfy the following equilibrium condition.

fap(t)dt =P (16)
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4. On the solution of the singular integral equation

This section is devoted to the numerical solution of the singular integral Eq. (14), Egs. (15) by the Gauss-
Chebyshev method. The singular integral and equilibrium condition of Eq. (16) will be converted to the
dimensionless form by using the following normalized quantities.

s=x/a, t=r/a (17a)
_p()
()= B/h (17b)

Using these normalized quantities, the integral in Eq. (14) and the equilibrium condition in Eq. (16) can be
written as

1t 1 a B Moa
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Since there is smooth contact at the end points, the index of the integral Eq. (18) is— 1 [31]. The solution
of the integral equation can thus be expressed as

@) =g)VA—-1?) (20)

where g(r) is a continuous and bounded function in the interval [-1, 1]. Applying the conventional
collocation technique in [31, 32], the integral Eq. (18) can be transformed into the equivalent system of
algebraic equations as follows

N
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where 7; and s, are the roots of the related Chebyshev polynomials and W;" is the weighting constant as
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Note that there are N + 1 equations to determine the N unknowns g(r;) in Eq. (21). Since the extra
equation is used to normalize the interval of integration, it is sufficient to choose only N of the N + 1 possible
collocation points (Krenk, 1975). Thus, Eq. (21) and Eq. (22) give N + 1 equations to determine the N + 1
unknowns, which are g(r;) and a. The system of equations is linear in terms of the g(7;) but highly nonlinear
in variable a. Therefore, an iterative method is used to obtain the unknowns.
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5. Numerical results

This section presents the effects of the foundation parameters, inhomogeneity parameter, indentation load,
and punch radius on the contact stress distribution in the frictionless indentation of a functionally graded
elastic layer by a rigid cylindrical punch. The punch radius, layer height, and Kolosov’s constant are taken
as R =100 m, h = 0.5 m, and k = 2 in the following analysis.

Fig. 2 shows the effect of lower spring stiffness. k; on contact stresses. The softer lower spring stiffness
allows the layer to deform more easily. Since the decrease in the lower spring stiffness modulus k; allows
the layer to undergo larger deformations, the punch is embedded more into the layer due to the external load;
therefore, the contact lengths increase, and the values of the contact stresses decrease as the external load is
spread over a larger area.

0'003 1 | 1 I L I 1
0.002 —
=
8 —
a
0.001 —
k1—>0
| k=10x108N/m3
ki—
0
0.8
x/h
Fig. 2. The effect of the k; on the contact stress (P = 1 X 107 N/m, u;, = 0.5u0, ks = 1 GPa, k,, = 100 x 10° N/m’,
o = 50 GPa)
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Fig. 3. The effect of the kg on the contact stress (P = 1 X 107 N/m, uy, = 0.5u¢, ks = 1 GPa, k,, = 100 x 10° N/m?,
o = 50 GPa)
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Fig. 3 shows the variation of contact stresses under the punch with the shear layer modulus, k. A softer
shear layer increases the horizontal spread of contact stresses. This causes the contact stresses to spread over
a wider area, while the maximum stress value decreases, creating a smoother, less abrupt stress distribution.
Contact stresses reach their minimum values at kg = 0. In the case of k; — oo, the contact stresses spread
over a more limited area and reach their maximum value on the axis of symmetry.

The upper spring modulus k,, represents the stiffness of the upper spring, which extends beneath the layer
and directly interacts with it. The effect of the upper spring stiffness on the contact stress distribution under
the punch is shown in Fig. 4. A decrease in the upper spring modulus allows the layer to deform more,
thereby increasing the contact lengths under the punch while decreasing the peak contact stress. The
maximum contact stress values are observed at k,, = .
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Fig. 4. The effect of the k,, on the contact stress (P = 1 X 107 N/m, uy, = 0.5uq, ks = 1 GPa, k,, = 100 x 10° N/m?,
Uo = 50 GPa)
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Fig. 5. The effect of the inhomogeneity u"* /u® on the contact stress (P = 1 X 107 N/m, up, = 0.5uy, ks = 1 GPa, k,, =
100 X 10° N/m?, yy = 50 GPa)
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The effect of the inhomogeneity of the layer's stiffness on the distribution of contact stresses under the
punch is shown in Fig. 5. The layer stiffness varies exponentially starting from the top surface of the layer.
When u"/u® = 1, the layer becomes homogeneous. As the layer's bottom stiffness increases relative to the
top, the layer stiffness increases, while the contact lengths under the punch decrease.

The effect of the stiffness of the upper surface of the layer on the change in contact stresses under the
punch is given in Fig. 6. With increasing values of y,, the total rigidity of the layer increases, and therefore,
the rigid punch is less embedded in the layer due to the external load, and the peak value of the contact
stresses increases.

Fig. 7 shows the effect of external load on the contact stress distribution under the punch. Unlike the
effects of other parameters, both contact lengths and contact stresses increase with increasing external load.
However, the shape of the contact stress distribution remains unchanged.
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Fig. 6. The effect of the shear modulus u, on the contact stress (P = 1 x 107 N/m, pup, = 0.5u0, ks = 1 GPa, k,, =
100 X 10° N/m?)
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Fig. 7. The effect of the load P on the contact stress (u, = 0.5ug, ks = 1 GPa, k;, = 100 X 10 N/m?, yo = 50 GPa)



371 Cetinkaya et al.

6. Conclusion

The frictionless contact problem between a rigid cylindrical punch and an FG isotropic layer resting on a
Kerr foundation is considered. The shear modulus of the layer is assumed to vary exponentially in the in-
depth direction. The plane strain contact problem is solved using linear elasticity theory and the Fourier
transform technique. From the numerical results, the following conclusions can be drawn:

e An increase in the Kerr foundation model parameters signifies an increase in the foundation stiffness,
which results in a decrease in contact lengths. Consequently, the stress becomes concentrated in a
narrow area, and the maximum value of the contact stress increases.

e A decrease in the Kerr foundation parameters leads to a softening, thereby causing the contact stress
to spread over a wider area and exhibit a more uniform distribution. The rigid foundation condition
(high parameter values) causes the stress distribution to "peak" within a narrow region.

e There is a positive correlation between the stiffness of the layer and the maximum contact stress; the
changes in these parameters are in the same direction. A similar behavior has been observed for both
the layer's surface shear modulus (1) and the inhomogeneity parameter (@ /uo).

e When the applied external load P is increased, unlike the effect of other parameters, both the contact
length and the maximum contact stress increase simultaneously.
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