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This paper seeks to formulate the fundamental governing equations for an 

anisotropic thermoelastic medium distinguished by triple porosity, 

microtemperatures, and microconcentrations. The model proposed in this study 

integrates the influences of porosity, microtemperatures, and microconcentrations, 

crucial factors in providing a precise description of material behavior. Additionally, 

the objective is to develop the fundamental solution for the system of equations 

corresponding to steady oscillations and equilibrium conditions. 
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1. Introduction 

In a material with triple porosity, the body displays three distinct levels of pore structures, each representing 

a different scale of porosity within the material. The first level is termed macro porosity, indicating the largest 

visible pores within the material that are typically observable to the naked eye or through macroscopic 

imaging techniques. The second level is referred to as meso porosity, corresponding to an intermediate scale 

of porosity with pores smaller than macro porosity but larger than micro porosity. The final level is known 

as micro porosity, representing the smallest scale of pores within the material, characterized by microscopic 

dimensions that may require high-resolution imaging techniques or advanced microscopic analysis for direct 

observation. 

 The existence of these three levels of porosity facilitates a more comprehensive characterization of the 

material's permeability, transport properties, and mechanical behavior, taking into account variations in pore 

sizes and their distribution throughout the material. The research of Svanadze [1], Straughan [2], and Kansal 

[3] has significantly contributed to establishing governing equations in the field of elasticity and 

thermoelasticity, specifically addressing the concept of triple porosity. Svanadze [4-9] further delved into 

investigating boundary value problems related to elastic solids and thermoelastic solids with triple porosity. 

In his book, Straughan [10] discussed various applications of multiple porosities, shedding light on the 

practical significance of these theories across different disciplines. 

 Grot [11] expanded the theory of thermodynamics for elastic bodies with microstructure by considering 

microelements with different temperatures. The Clausius-Duhem inequality was modified to incorporate 

microtemperatures, and first-order moment of energy equations were introduced into the basic balance laws. 

These modifications were aimed at determining the microtemperatures of a continuum. Iesan and Quintanilla 
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[12] developed a linear theory for elastic materials with an inner structure that includes microtemperatures, 

in addition to the classical displacement and temperature fields. Their focus was on the existence of solutions 

for initial boundary value problems, employing semigroup theory. They successfully proved an existence 

theorem and established the continuous dependence of solutions on the initial data and body loads. Aouadi 

et al. [13] developed a nonlinear theory of thermoelastic diffusion materials with microtemperatures and 

microconcentrations, alongside a linear theory for the same materials. The well-posedness of the linear 

anisotropic problem was proven using semigroup theory, and the asymptotic behavior of solutions was 

studied. Chiril and Marin [14] derived the field equations and consecutive equations of the linear theory of 

microstretch thermoelasticity for materials with particles having microelements equipped with 

microtemperatures and microconcentrations.  

 The utilization of elementary functions in constructing fundamental solutions enables the development 

of analytical and numerical methods for solving boundary value problems in elasticity and thermoelasticity. 

These methods are valuable for providing accurate and efficient solutions across a broad spectrum of 

engineering and scientific applications. By employing fundamental solutions, researchers gain the capability 

to explore the behavior of complex systems and analyze the effects of various parameters, boundary 

conditions, and material properties on the system's response. In the specific context of elasticity and 

thermoelasticity with triple porosity or microtemperatures, Svanadze [1,15-17] and Kansal [3] have made 

significant contributions by constructing fundamental solutions using elementary functions. These 

contributions enhance the understanding and modeling of materials with intricate pore structures or 

temperature distributions, facilitating advancements in the field and enabling the study of diverse 

phenomena. 

 The current paper is structured into several sections, each addressing specific aspects of the study. The 

constitutive relations and field equations for anisotropic thermoelastic diffusion bodies with triple porosity, 

microtemperatures, and microconcentrations are derived in Section 2. The system of linearized equations for 

steady oscillations in the theory of thermoelastic diffusion solids with triple porosity, microtemperatures, 

and microconcentrations is obtained in Section 3. In Section 4, the fundamental solutions of the basic 

governing equations are constructed using elementary functions. Some basic properties of the fundamental 

matrix in the case of steady oscillations are discussed in Section 5. Finally, in Section 6, the fundamental 

solutions of the basic governing equations in equilibrium conditions are constructed as a particular case. 

These properties provide information about the behavior of the solutions and can be used to analyze and 

interpret the results obtained from the fundamental solutions. These sections provide a comprehensive 

framework for studying and solving boundary value problems in this field and contribute to a deeper 

understanding of the underlying phenomena. 

 

2. Basic equations 

The law of conservation of energy for an arbitrary material volume V bounded by a surface A at time t can 

be written as 

∫ρ[u̇iüi + κ1ν̇1ν̈1 + κ2ν̇2ν̈2 + κ3ν̇3ν̈3 + U̇]
V

dV = ∫ρ[F̃iu̇i + Λiν̇i]
V

dV + ∫[fiu̇i + Ωijϖjν̇i + qiϖi]
A

dA (1) 

where ρ is the density, ui are the components of the displacement vector u, F̃i are the components of the 

external forces per unit mass, U is the internal energy per unit mass, fi are the components of the surface 

traction vector f occurring on the surface A,νiare the volume fraction fields corresponding to macro-, meso- 

and micro-pores respectively, κi are the coefficients of equilibrated inertia, Λi are extrinsic equilibrated body 

forces per unit mass associated with macro-, meso-, and micro-pores, respectively, Ωij are the components 

of  equilibrated stress vectors corresponding to νi measured per unit area of surface A, respectively, qi are 
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the components of the heat flux vector, ϖi are the components of the outward unit normal vector ϖ to the 

surface A.  

 The components fi are related to the stress vectors by the relation 

fi = σjiϖj (2) 

 Utilizing Eq. 2 within Eq. 1 and employing the divergence theorem, we obtain 

∫ρ[u̇iüi + κ1ν̇1ν̈1 + κ2ν̇2ν̈2 + κ3ν̇3ν̈3 + U̇]
V

dV

= ∫ρ[F̃iu̇i + Λiν̇i]
V

dV + ∫[σji,ju̇i + σjiu̇i,j + Ωij,jν̇i + Ωijν̇i,j + qi,i]
A

dV 

(3) 

 As Eq. 3 holds for every segment of the body, thus, the local expression of the conservation of energy is 

derived as follows: 

ρ[u̇iüi + κ1ν̇1ν̈1 + κ2ν̇2ν̈2 + κ3ν̇3ν̈3 + U̇ = ρ[F̃iu̇i + Λiν̇i] + σji,ju̇i + σjiu̇i,j + Ωij,jν̇i + Ωijν̇i,j + qi,i (4) 

Eq. 4 remains valid upon substituting u̇i with u̇i + ℘i, where ℘i are arbitrary constants, while keeping all 

other terms unchanged. Therefore, from Eq. 4, we obtain: 

ρ[(u̇i +℘i)üi + κ1ν̇1ν̈1 + κ2ν̇2ν̈2 + κ3ν̇3ν̈3 + U̇]

= ρ[F̃i(u̇i + ℘i) + Λiν̇i] + σji,j(u̇i + ℘i) + σjiu̇i,j + Ωij,jν̇i + Ωijν̇i,j + qi,i. 
(5) 

By subtracting Eq. 4 from Eq. 5, we derive: 

℘i[σji,j + ρF̃i − ρ ⥂ üi] = 0 (6) 

Since the quantities within the square brackets are independent of ℘i according to Eq. 6, we deduce: 

σji,j + ρF̃i = ρ ⥂ üi (7) 

With the aid of Eq. 7, Eq. 4 leads to a simplified form of the conservation of energy: 

ρ ⥂ U̇ = σiju̇i,j + qi,i + Ωijν̇i,j − ℏiν̇i (8) 

where ℏi, i = 1,2,3 satisfy the relation  

Ω1j,j + ℏ1 + ρΛ1 = ρκ1ν̈1, 

Ω2j,j + ℏ2 + ρΛ2 = ρκ2ν̈2, 

Ω3j,j + ℏ3 + ρΛ3 = ρκ3ν̈3 

(9) 

 Let εi, Ωi denote the first moments of energy vector and mass diffusion, respectively. The balances for 

the first moment of energy and mass diffusion are given by: 

ρε̇i = qji,j + qi − ς̃i (10) 

ρΩ̇i = ηji,j + ηi − σi (11) 

where ηi are the components of mass flux vectors, qij, ηij are, respectively, the first heat flux and mass 

diffusion moment tensors, ς̃i, σi are, respectively, the microheat flux and micromass flux averages. 

 The local form of the principle of entropy is typically represented by the following expression:  

ρṠ − (
qj

T
+
qjiTi

T
)
,j
+ (
Pηj

T
+
PηjiTi

T
)
,j
≥ 0  

which implies 
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ρṠT − qj,j +
qjT,j

T
− qji,jTi +

qji,jTiT,j

T
− qji,jTi,j + P,jηj −

PηjT,j

T
+ Pηj,j + T(

PηjiTi

T
)
,j
≥ 0 (12) 

where S, P are the entropy and chemical potential per unit mass, respectively, T is the absolute temperature, 

and Ti is the microtemperature vector. 

 The local form of the mass concentration law is 

ηj,j = Ċ (13) 

where C is the concentration of the diffusion material in the elastic body. For each micro element, the mass 

conservation law becomes 

Ċ = (ηj + Ciηji),j
= ηj,j + Ci,jηji + Ciηji,j (14) 

 Eq. 8 with the help of Eqs. 10, 11, 14, and the inequality in Eq. 12 becomes 

ρ[TṠ − U̇ − Tiε̇i − CiΩ̇i] + σijėij + Ωijν̇i,j − ℏiν̇i +
1

T
qiT,i +

1

T
T,jqjiTi − qjiTi,j + PĊ + (qi − ς̃i)Ti

− PCiηji,j − PCi,jηji + P,jηj −
1

T
PηjT,j + T (

P

T
Tiηji)

,j
+ ηji,jCi + (ηi − σi)Ci ≥ 0 

(15) 

where eij =
1

2
(ui,j + uj,i) are the components of the strain tensor. Introducing the function ψ = U + Tiεi +

CiΩi − TS, the inequality in Eq. 15 in the context of linear theory can be expressed as: 

−ρ[ψ̇ + SṪ − Ṫiεi − ĊiΩi] + σijėij + Ωijν̇i,j − ℏiν̇i +
1

T
qiT,i − qjiTi,j + PĊ + (qi − ς̃i)Ti + P,jηj + ηji,jCi

+ (ηi − σi)Ci ≥ 0 
(16) 

The function ψ can be written in terms of independent variableseij, νi, νi,j, T, T,i, Ti, Ti,j, C, C,i, Ci and Ci,j. 

Therefore, we obtain: 

ψ̇ =
∂ψ

∂eij
ėij +

∂ψ

∂νi
ν̇i +

∂ψ

∂νi,j
ν̇i,j +

∂ψ

∂T
Ṫ +

∂ψ

∂T,i
Ṫ,i +

∂ψ

∂Ti
Ṫi +

∂ψ

∂Ti,j
Ṫi,j +

∂ψ

∂C
Ċ +

∂ψ

∂C,i
Ċ,i +

∂ψ

∂Ci
Ċi

+
∂ψ

∂Ci,j
Ċi,j 

(17) 

Inequality in Eq. 16 with the help of Eq. 17 becomes 

[σij − ρ
∂ψ

∂eij
] ėij + [Ωij − ρ

∂ψ

∂νi,j
] ν̇i,j − [ℏi + ρ

∂ψ

∂νi
] ν̇i + ρ [εi −

∂ψ

∂Ti
] Ṫi + ρ [Ωi −

∂ψ

∂Ci
] Ċi

− ρ [S +
∂ψ

∂T
] Ṫ + [P − ρ

∂ψ

∂C
] Ċ − ρ

∂ψ

∂T,i
Ṫ,i − ρ

∂ψ

∂Ti,j
Ṫi,j − ρ

∂ψ

∂C,i
Ċ,i − ρ

∂ψ

∂Ci,j
Ċi,j

+
1

T
qiT,i − qjiTi,j + (qi − ς̃i)Ti + P,jηj + ηji,jCi + (ηi − σi)Ci ≥ 0 

 

 Let us introduce the notations φ = ν − ν0, θ = T − T0, where φ = (φ1, φ2, φ3), T0 is the reference 

temperature of the body chosen such that |
θ

T0
| << 1, ν0 are the volume fraction fields in the reference 

configuration. In the linear theory, the independent variables are eij, φi, φi,j, θ, θ,i, Ti, Ti,j, C, C,i, CiandCi,j.  The 

above inequality must hold for all rates ėij, φ̇i, φ̇i,j, θ̇, θ̇,i, Ṫi, Ṫi,j, Ċ, Ċ,i, Ċi and Ċi,j. Therefore, the coefficients 

of the aforementioned variables must equate to zero, indicating: 
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σij = ρ
∂ψ

∂eij
, Ωij = ρ

∂ψ

∂φi,j
, ℏi = −ρ

∂ψ

∂φi
, εi =

∂ψ

∂Ti
, Ωi =

∂ψ

∂Ci
, 

S = −
∂ψ

∂θ
, P = ρ

∂ψ

∂C
,

∂ψ

∂θ,i
= 0,

∂ψ

∂Ti,j
= 0,

∂ψ

∂C,i
= 0,

∂ψ

∂Ci,j
= 0, 

1

T0
qiθ,i − qjiTi,j + (qi − ς̃i)Ti + P,jηj + ηji,jCi + (ηi − σi)Ci ≥ 0 

(18) 

 In the linear theory of materials possessing a centre of symmetry, we can take ψ in the form: 

2ρψ = cijpleijepl + 2aijeijθ + 2bijeijC + 2cijeijφ1 + 2dijeijφ2 + 2fijeijφ3 − 2liφiθ − 2niφi −
ρCeθ

2

T0
− 2aθC + bC2 + αiφi

2 + 2α4φ1φ2 + 2α5φ2φ3 + 2α6φ3φ1 + Aijφ1,iφ1,j
+ Bijφ2,iφ2,j + Cijφ3,iφ3,j + 2Dijφ1,iφ2,j + 2Eijφ2,iφ3,j + 2Sijφ3,iφ1,j − αijTiTj
− βijCiCj − 2γijTiCj − 2Pijφ1,jTi − 2Uijφ2,jTi − 2Qijφ3,jTi − 2Mijφ1,jCi − 2Tijφ2,jCi
− 2χijφ3,jCi 

 

where cijpl is the tensor of elastic constants, aij, bij are, respectively, the tensors of thermal and diffusion 

expansions. Aij, Bij, Cij, Dij, Eij, Fij, Sij and αi, i = 1, . . . . . . ,6 are functions which are typical in porous theories. 

li, ni are coupling constants. αij, βij are, respectively, the tensors of microtemperature and microconcentration 

effects. γij, Pij, Uij, Qij, Mij, Tij, χij are coupling tensors. The consecutive coefficients have the following 

symmetries: 

cijpl = cjipl = cplji, aij = aji, bij = bji , cij = cji, dij = dji, fij = fji, Aij = Aji, 

Bij = Bji, Cij = Cji, Dij = Dji, Eij = Eji, Sij = Sji, αij = αji, βij = βji, 

γij = γji, Pij = Pji, Uij = Uji, Qij = Qji, Mij = Mji, Tij = Tji, χij = χji 
 

 Using the above equation in the system of Eq. 18, the following consecutive equations are obtained: 

σij = cijplepl + cijφ1 + dijφ2 + fijφ3 + aijθ + bijC, 

Ω1j = Aijφ1,i + Dijφ2,i + Sijφ3,i − PijTi −MijCi, 

Ω2j = Dijφ1,i + Bijφ2,i + Eijφ3,i − UijTi − TijCi, 

Ω3j = Sijφ1,i + Eijφ2,i + Cijφ3,i − QijTi − χijCi, 

ℏ1 = −cijeij − α1φ1 − α4φ2 − α6φ3 + l1θ + n1C, 

ℏ2 = −dijeij − α4φ1 − α2φ2 − α5φ3 + l2θ + n2C, 

ℏ3 = −fijeij − α6φ1 − α5φ2 − α3φ3 + l3θ + n3C, 

ρεi = −Pijφ1,j − Uijφ2,j − Qijφ3,j − αijTj − γijCj, 

ρΩi = −Mijφ1,j − Tijφ2,j − χijφ3,j − γjiTj − βijCj 

(19) 

ρS = −aijeij + liφi +
ρCeθ

T0
+ aC, P = bijeij − niφi − aθ + bC, 

 The linear expressions for qi, qij, ς̃i, ηi, ηij, σi are 

qi = kijθ,j + κijTj, qij = −mijpgTg,p, ς̃i = (kij − Kij)θ,j + (κij − Lij)Tj, 

ηi = hijP,j + h̃ijCj, ηij = −nijpgCg,p, σi = (hij − Hij)P,j + (h̃ij − H̃ij)Cj 
(20) 

where the constitutive coefficients kij, κij, Kij, Lij, hij, h̃ij, Hij, H̃ij, mijpg and nijpg satisfy the inequality 
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1

T0
kijθ,iθ,j + (Kij +

1

T0
κji) θ,jTi + LijTiTj +mjipgTg,pTi,j + hijP,iP,j + (Hij + h̃ji)P,jCi + H̃ijCiCj

− njipgCg,pjCi ≥ 0 

 

and the following symmetries 

kij = kji, κij = κji, Kij = Kji, Lij = Lji, hij = hji, h̃ij = h̃ji, Hij = Hji,

H̃ij = H̃ji, mijpg = mjipg, nijpg = njipg 
 

 The linearized form of inequality in Eq. 12 is 

ρT0Ṡ = qi,i (21) 

 Considering Eqs. 19 and 20, Eqs. 7, 9-11, 13, and 21 can be reformulated as: 

cijplepl,j + cijφ1,j + dijφ2,j + fijφ3,j + aijθ,j + bijC,j + ρF̃i = ρüi, 

mjipgTg,pj − αijṪj − γijĊj − Pijφ̇1,j − Uijφ̇2,j − Qijφ̇3,j = Kijθ,j + LijTj, 

njipgCg,pj − γjiṪj − βijĊj −Mijφ̇1,j − Tijφ̇2,j − χijφ̇3,j = HijP,j + H̃ijCj, 

−cijeij − PijTi,j −MijCi,j + Aijφ1,ij + Dijφ2,ij + Sijφ3,ij − α1φ1 − α4φ2 

−α6φ3 + l1θ + n1C + ρΛ1 = ρκ1φ̈1, 
−dijeij − UijTi,j − TijCi,j + Dijφ1,ij + Bijφ2,ij + Eijφ3,ij − α4φ1 − α2φ2 

−α5φ3 + l2θ + n2C + ρΛ2 = ρκ2φ̈2, 
−fijeij − QijTi,j − χijCi,j + Sijφ1,ij + Eijφ2,ij + Cijφ3,ij − α6φ1 − α5φ2 

−α3φ3 + l3θ + n3C + ρΛ3 = ρκ3φ̈3, 

T0[−aijėij + liφ̇i + aĊ] + ρCeθ̇ = kijθ,ij + κijTj,i, 

hij[bplepl − ngφg − aθ + bC],ij + h̃ijCj,i = Ċ 

(22) 

 For an isotropic and homogeneous material, the subsequent equations are simplified to: 

σij = λeppδij + 2μeij + [ƛpφp − β1θ − β2C]δij, 

Ω1j = A1φ1,j + A4φ2,j + A6φ3,j − B1Tj − B4Cj, 

Ω2j = A4φ1,j + A2φ2,j + A5φ3,j − B2Tj − B5Cj, 

Ω3j = A6φ1,j + A5φ2,j + A3φ3,j − B3Tj − B6Cj, 

ℏ1 = −ƛ1epp − α1φ1 − α4φ2 − α6φ3 + l1θ + n1C, 

ℏ2 = −ƛ2epp − α4φ1 − α2φ2 − α5φ3 + l2θ + n2C, 

ℏ3 = −ƛ3epp − α6φ1 − α5φ2 − α3φ3 + l3θ + n3C, 

ρεi = −B1φ1,i − B2φ2,i − B3φ3,i − D1Ti − D3Ci, 

ρΩi = −B4φ1,i − B5φ2,i − B6φ3,i − D3Ti − D2Ci, 

ρS = β1epp + liφi +
ρCeθ

T0
+ aC, P = −β2epp − niφi − aθ + bC, 

qi = kθ,i + k1Ti, qij = −k4Tp,pδij − k5Ti,j − k6Tj,i, ς̃i = (k − k3)θ,i + (k1 − k2)Ti, 

ηi = hP,i + h1Ci, ηij = −h4Cp,pδij − h5Ci,j − h6Cj,i, σi = (h − h3)P,i + (h1 − h2)Ci 

(23) 

where 

cijpl = λδijδpl + μδipδjl + μδilδjp, aij = −β1δij, bij = −β2δij, cij = ƛ1δij, dij = ƛ2δij, fij = ƛ3δij, 

Aij = A1δij, Bij = A2δij, Cij = A3δij, Dij = A4δij, Eij = A5δij, Sij = A6δij, Pij = B1δij, 

Uij = B2δij, Qij = B3δij, Mij = B4δij, Tij = B5δij, χij = B6δij, αij = D1δij, βij = D2δij, γij = D3δij, 

kij = kδij, κij = k1δij, Lij = k2δij, Kij = k3δij, hij = hδij, h̃ij = h1δij, H̃ij = h2δij, Hij = h3δij, 

mijpl = k4δijδpl + k6δipδjl + k5δilδip, nijpl = h4δijδpl + h6δipδjl + h5δilδip 
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where δij is Kronecker’s delta and λ, μ, β1, β2, ƛ1, ƛ2, ƛ3, A1, A6, B1, B6, D1, D2, D3, k, h, k1, k6 and h1, h6 are 

material constants. Therefore, utilizing Eq. 22 in conjunction with the support of Eq. 23, we establish the 

governing equations for homogeneous isotropic thermoelastic diffusion. These equations incorporate 

considerations for microtemperatures, microconcentrations, and triple porosity, under the assumption of the 

absence of heat and mass diffusive sources: 

μΔu + (λ + μ)∇(∇ ⋅ u) + ƛi∇φi − β1∇θ − β2∇C = ρü, 
(k6Δ − k2)v + (k4 + k5)∇(∇ ⋅ v) − k3∇θ = D1v̇ + D3ẇ + Bi∇φ̇i, 
(h6Δ − h2)w + (h4 + h5)∇(∇ ⋅ w) − h3∇P = D3v̇ + D2ẇ + Bi+3∇φ̇i, 

−ƛ1(∇ ⋅ u) − B1(∇ ⋅ v) − B4(∇ ⋅ w) + (A1Δ − α1)φ1 + (A4Δ − α4)φ2 + (A6Δ − α6)φ3 
+l1θ + n1C = ρκ1φ̈1, 

−ƛ2(∇ ⋅ u) − B2(∇ ⋅ v) − B5(∇ ⋅ w) + (A4Δ − α4)φ1 + (A2Δ − α2)φ2 + (A5Δ − α5)φ3 
+l2θ + n2C = ρκ2φ̈2, 

−ƛ3(∇ ⋅ u) − B3(∇ ⋅ v) − B6(∇ ⋅ w) + (A6Δ − α6)φ1 + (A5Δ − α5)φ2 + (A3Δ − α3)φ3 
+l3θ + n3C = ρκ3φ̈3, 

T0[β1(∇ ⋅ u̇) + liφ̇i + aĊ] + ρCeθ̇ = kΔθ + k1(∇ ⋅ v), 

hΔ[−β2(∇ ⋅ u) − niφi − aθ + bC] + h1(∇ ⋅ w) = Ċ 

(24) 

where v = (T1, T2, T3) and w = (C1, C2, C3) are, respectively, microtemperature and microconcentration 

vectors, Δ and ∇ are, respectively, Laplacian and Del operators. 

 In the following sections, the chemical potential has been adopted as a state variable rather than 

concentration. From the 11th equation of Eq. 23, we get 

C =
1

b
[P + β2epp + niφi + aθ]  

Hence, the system of Eq. 24, with the assistance of the above equation, is transformed into 

μΔu + (λ′ + μ)∇(∇ ⋅ u) + ƛ̃i∇φi − ϑ1∇θ − ϑ2∇P = ρü, 
(k6Δ − k2)v + (k4 + k5)∇(∇ ⋅ v) − k3∇θ = D1v̇ + D3ẇ + Bi∇φ̇i, 
(h6Δ − h2)w + (h4 + h5)∇(∇ ⋅ w) − h3∇P = D3v̇ + D2ẇ + Bi+3∇φ̇i, 

−ƛ̃1(∇ ⋅ u) − B1(∇ ⋅ v) − B4(∇ ⋅ w) + (A1Δ − ζ1)φ1 + (A4Δ − ζ4)φ2 + (A6Δ − ζ6)φ3 
+ξ1θ + v1P = ρκ1φ̈1, 

−ƛ̃2(∇ ⋅ u) − B2(∇ ⋅ v) − B5(∇ ⋅ w) + (A4Δ − ζ4)φ1 + (A2Δ − ζ2)φ2 + (A5Δ − ζ5)φ3 
+ξ2θ + v2P = ρκ2φ̈2, 

−ƛ̃3(∇ ⋅ u) − B3(∇ ⋅ v) − B6(∇ ⋅ w) + (A6Δ − ζ6)φ1 + (A5Δ − ζ5)φ2 + (A3Δ − ζ3)φ3 
+ξ3θ + v3P = ρκ3φ̈3, 

−T0[ϑ1(∇ ⋅ u̇) + ξiφ̇i + ςṖ] − ηT0θ̇ + k1(∇ ⋅ v) + kΔθ = 0, 

−[ϑ2(∇ ⋅ u̇) + viφ̇i + ςθ̇ + ϖṖ] + h1(∇ ⋅ w) + hΔP = 0 

(25) 

where 

ϖ = b−1, ϑ2 = ϖβ2, ϑ1 = β1 + aϑ2, ƛ̃i = ƛi − niϑ2, λ′ = λ − ϑ2β2,
ς = aϖ, vi = niϖ,   ζi = αi − nivi, ζ4 = α4 − n1v2, ζ5 = α5 − n2v3,

ζ6 = α6 − n3v1, ξi = li + niς, η =
ρCe
T0
+ aςi = 1,2,3 

 

 

3. Steady oscillations 

The displacement vector, microtemperature, microconcentration, volume fraction fields, temperature 

change, and chemical potential functions are presumed as 
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[u(x, t), v(x, t), w(x, t), φ(x, t), θ(x, t), P(x, t)] = Re[ (u∗, v∗, w∗, φ∗, θ∗, P∗)e−ιωt] (26) 

where, ω is the oscillation frequency. By employing Eq. 26 in the system of Eq. 25 and omitting asterisks 

(*) for simplicity, we derive the system of equations for steady oscillations as 

[μΔ + ρω2]u + (λ′ + μ)∇(∇ ⋅ u) + ƛ̃i∇φi − ϑ1∇θ − ϑ2∇P = 0, 
[k6Δ − k2 + ιωD1]v + (k4 + k5)∇(∇ ⋅ v) + ιωD3w+ ιωBi∇φi − k3∇θ = 0, 
ιωD3v + [h6Δ − h2 + ιωD2]w + (h4 + h5)∇(∇ ⋅ w) + ιωBi+3∇φi − h3∇P = 0, 

−ƛ̃1(∇ ⋅ u) − B1(∇ ⋅ v) − B4(∇ ⋅ w) + (A1Δ − γ1)φ1 + (A4Δ − ζ4)φ2 + (A6Δ − ζ6)φ3 
+ξ1θ + v1P = 0, 

−ƛ̃2(∇ ⋅ u) − B2(∇ ⋅ v) − B5(∇ ⋅ w) + (A4Δ − ζ4)φ1 + (A2Δ − γ2)φ2 + (A5Δ − ζ5)φ3 
+ξ2θ + v2P = 0, 

−ƛ̃3(∇ ⋅ u) − B3(∇ ⋅ v) − B6(∇ ⋅ w) + (A6Δ − ζ6)φ1 + (A5Δ − ζ5)φ2 + (A3Δ − γ3)φ3 
+ξ3θ + v3P = 0, 

ιωT0[ϑ1(∇ ⋅ u) + ξiφi + ςP] + k1(∇ ⋅ v) + [kΔ + ιωηT0]θ = 0, 
ιω[ϑ2(∇ ⋅ u) + viφi + ςθ] + h1(∇ ⋅ w) + [hΔ + ιωϖ]P = 0 

(27) 

where, γi = ζi − ρκiω
2, i = 1,2,3. We introduce the second-order matrix differential operators with constant 

coefficients 

(i) 𝐅(𝐃𝐱) = (𝐅𝐠𝐥(𝐃𝐱))𝟏𝟒×𝟏𝟒
  

where Fgl(Dx), g, l = 1, . . . . . . ,14 are given in Appendix A. 

(ii) 𝐅̃(𝐃𝐱) = (𝐅̃𝐠𝐥(𝐃𝐱))𝟏𝟒×𝟏𝟒
  

where F̃gl(Dx), g, l = 1, . . . . . . ,14 are given in Appendix A. The system of Eq. 27 can be represented as  

 𝐅(𝐃𝐱)𝐔(𝐱) = 𝟎  

where 𝐔 = (𝐮, 𝐯,𝐰,𝛗, 𝛉, 𝐏) is a fourteen-component vector function for E3. The matrix F̃(Dx) is called the 

principal part of the operator F(Dx). 

DEFINITION 1: The operator F(Dx) is said to be elliptic if |F̃(m)| ≠ 0, where m = (m1, m2, m3). Since 

|F̃(m)| = μ2λ̃kk6k7hh6h7ϑ|m|
30, λ̃ = λ′ + 2μ, k7 = k4 + k5 + k6, h7 = h4 + h5 + h6 

where ϑ = |

A1A4A6
A4A2A5
A6A5A3

|, therefore operator F(Dx) is an elliptic differential operator if 

μλ̃kk6k7hh6h7ϑ ≠ 0 (28) 

DEFINITION 2: The fundamental solution of the system of Eq. 27 (the fundamental matrix of operator F) 

is the matrix G(x) = (Ggl(x))14×14
satisfying condition 

F(Dx)G(x) = δ(x)I(x) (29) 

where δ(x) is the Dirac delta, I(x) = (δgl)14×14
 is the unit matrix and x ∈ E3. Now, we construct G(x) in 

terms of elementary functions. 

 

4. Construction of G(x) in terms of elementary functions 

Let us consider the system of non-homogeneous equations 

(μΔ + ρω2)u + (λ′ + μ)∇(∇ ⋅ u) − ƛ̃i∇φi + ιωT0ϑ1∇θ + ιωϑ2∇P = H (30) 
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(k6Δ + k8)v + (k4 + k5)∇(∇ ⋅ v) + ιωD3w− Bi∇φi + k1∇θ = V (31) 

ιωD3v + (h6Δ + h8)w + (h4 + h5)∇(∇ ⋅ w) − Bi+3∇φi + h1∇P = W (32) 

ƛ̃1(∇ ⋅ u) + ιωB1(∇ ⋅ v) + ιωB4(∇ ⋅ w) + (A1Δ − γ1)φ1 + (A4Δ − ζ4)φ2 + (A6Δ − ζ6)φ3 
+ιωξ1T0θ + ιωv1P = X1 

(33) 

ƛ̃2(∇ ⋅ u) + ιωB2(∇ ⋅ v) + ιωB5(∇ ⋅ w) + (A4Δ − ζ4)φ1 + (A2Δ − γ2)φ2 + (A5Δ − ζ5)φ3 
+ιωξ2T0θ + ιωv2P = X2 

(34) 

ƛ̃3(∇ ⋅ u) + ιωB3(∇ ⋅ v) + ιωB6(∇ ⋅ w) + (A6Δ − ζ6)φ1 + (A5Δ − ζ5)φ2 + (A3Δ − γ3)φ3 
+ιωξ3T0θ + ιωv3P = X3 

(35) 

−ϑ1(∇ ⋅ u) − k3(∇ ⋅ v) + ξiφi + [kΔ + ιωT0η]θ + ιωςP = Y (36) 

−ϑ2(∇ ⋅ u) − h3(∇ ⋅ w) + viφi + ιωT0ςθ + [hΔ + ιωϖ]P = Z (37) 

where H, V, W are three-component vector functions on E3; Xi , Y and Z are scalar functions on E3. The 

system of Eqs. 30–37 may be written in the form  

Ftr(Dx)U(x) = Q(x) (38) 

where Ftr is the transpose of matrix F,Q = (H, V,W, Xi, Y, Z), x ∈ E
3. Applying operator (∇) to the Eqs. 30-

32, we obtain 

(λ̃Δ + ρω2)∇ ⋅ u − ƛ̃iΔφi + ιωT0ϑ1Δθ + ιωϑ2ΔP = ∇ ⋅ H (39) 

(k7Δ + k8)∇ ⋅ v + ιωD3∇ ⋅ w − BiΔφi + k1Δθ = ∇ ⋅ V (40) 

ιωD3∇ ⋅ v + (h7Δ + h8)∇ ⋅ w − Bi+3Δφi + h1ΔP = ∇ ⋅ W (41) 

Eqs. 33-37 and 39-41 may be expressed in the form 

N(Δ) ⥂⥂ S = Q̃ (42) 

where S, Q̃, N(Δ) are defined in Appendix B. Eq. 42 may also be written in determinant form as 

Γ1(Δ)S = Ψ (43) 

where Ψ = (Ψ1, . . . . . . . . . . , Ψ8), Ψp =
1

Ã
∑ Nip

∗ wi
8
i=1 , Γ1(Δ) =

|N(Δ)|

Ã
, Ã = λ̃kk7hh7ϑp = 1, . . . . . . ,8 and Nip

∗  is 

the cofactor of the elementNipof the matrix N. On expanding Γ1(Δ), We see that  

Γ1(Δ) = Π

i=1
8

(Δ + λi
2) 

 

where λi
2, i = 1, . . . . . ,8 are the roots of the equation Γ1(−m) = 0, for m. Applying operator Γ1(Δ) to Eq. 31 

with the assistance of Eq. 43, we obtain 

Γ1(Δ)(Δ + λ9
2)u = Ψ′ (44) 

where λ9
2, Γ1(Δ) and Ψ′ are given in Appendix C. Multiplying Eqs. 31 and 32 by h6Δ + h8 and ιωD3 

respectively, we obtain 

(h6Δ + h8)[(k6Δ + k8)v + (k4 + k5)∇(∇ ⋅ v)] + (h6Δ + h8)ιωD3w = 
(h6Δ + h8)[V + Bi∇φi − k1∇θ] 

(45) 
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(ιωD3)
2v + ιωD3[(h6Δ + h8)w + (h4 + h5)∇(∇ ⋅ w)] = ιωD3[W + Bi+3∇φi − h1∇P] (46) 

Employing Eq. 46 in Eq. 45, we get 

(h6Δ + h8)[(k6Δ + k8)v + (k4 + k5)∇(∇ ⋅ v)] − (ιωD3)
2v = 

(h6Δ + h8)[V + Bi∇φi − k1∇θ] + ιωD3(h4 + h5)∇(∇ ⋅ w) − ιωD3[W + Bi+3∇φi − h1∇P] 
 

Applying Γ1(Δ) to the above equation with the assistance of Eq. 43, we get  

Γ1(Δ)Γ2(Δ)v = Ψ
″ (47) 

where Γ2(Δ) and Ψ″ are mentioned in Appendix C. It can be seen that Γ2(Δ) = (Δ + λ10
2 )(Δ + λ11

2 ), where 

λi
2, i = 10,11 are the roots of the equation Γ2(−m) = 0, with respect to m. Multiplying Eqs. 31 and 32 by 

ιωD3 and k6Δ + k8 respectively, we obtain 

ιωD3[(k6Δ + k8)v + (k4 + k5)∇(∇ ⋅ v)] + (ιωD3)
2w = ιωD3[V + Bi∇φi − k1∇θ] (48) 

ιωD3(k6Δ + k8)v + (k6Δ + k8)[(h6Δ + h8)w + (h4 + h5)∇(∇ ⋅ w)] = 
(k6Δ + k8)[W + Bi+3∇φi − h1∇P] 

(49) 

Using Eq. 48 in Eq. 49, we get  

(k6Δ + k8)[(h6Δ + h8)w + (h4 + h5)∇(∇ ⋅ w)] − (ιωD3)
2w = 

(k6Δ + k8)[W + Bi+3∇φi − h1∇P] + ιωD3(k4 + k5)∇(∇ ⋅ v) − ιωD3[V + Bi∇φi − k1∇θ] 
 

Applying Γ1(Δ) to the above equation with the help of Eq. 43, we get  

Γ1(Δ)Γ2(Δ)w = Ψ
‴ (50) 

where Ψ‴is defined in Appendix C. From Eqs. 43, 44, 47 and 50, we have 

Θ(Δ)U(x) = Ψ̂(x) (51) 

where Ψ̂(x) andΘ(Δ) are mentioned in Appendix C. The expressions for Ψ′, Ψ″, Ψ‴, Ψp, p = 4, . . . . . ,8 can 

be rewritten in the form 

Ψ′ =
1

μ
Γ1(Δ)JH + w11(Δ)∇(∇ ⋅ H) + w21(Δ)∇(∇ ⋅ V) + w31(Δ)∇(∇ ⋅ W) +∑wi1(Δ)

8

i=4

 ∇wi, 

(52) 

Ψ″ = w12(Δ)∇(∇ ⋅ H) +
1

B̃
 (h6Δ + h8)Γ1(Δ)JV + w22(Δ)∇(∇ ⋅ V) 

−
1

B̃
 ιωD3Γ1(Δ)JW + w32(Δ)∇(∇ ⋅ W) +∑wi2(Δ)

8

i=4

 ∇wi, 

Ψ‴ = w13(Δ)∇(∇ ⋅ H) −
1

B̃
 ιωD3Γ1(Δ)JV + w23(Δ)∇(∇ ⋅ V) 

+
1

B̃
 (k6Δ + k8)Γ1(Δ)JW + w33(Δ)∇(∇ ⋅ W) +∑wi3(Δ)

8

i=4

 ∇wi, 

Ψp = w1p(Δ)∇ ⋅ H + w2p(Δ)∇ ⋅ V + w3p(Δ)∇ ⋅ W +∑wip(Δ)

8

i=4

wi, 

where J = (δpq)3×3
 is the unit matrix and wij(Δ), i, j = 1, . . . ,8 is given in Appendix D. From Eq. 52, we 

have 

Ψ̂(x) = Rtr(Dx)Q(x) (53) 
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where  R(Dx) = (Rgq(Dx))14×14
 is given in Appendix D. From Eqs. 38, 51, and 53, we obtain 

F(Dx)R(Dx) = Θ(Δ) (54) 

We assume that λp
2 ≠ λq

2 ≠ 0, p, q = 1, . . . . . ,11. 

 Let 

Y(x) = (Yij(x))14×14
, Ypp(x) =∑r1g

9

g=1

ςg(x), 

Yp+3;p+3(x) = Yp+6;p+6(x) = ∑ r2g

8,10,11

g=1

ςg(x), Yll(x) =∑r3g

8

g=1

ςg(x), 

Yij(x) = 0, p = 1,2,3, l = 10, . . . . . . ,14, i, j = 1, . . . . . . . . ,14, i ≠ j 

 

where 

ςg(x) = −
eιλg|x|

4π|x|
, r1p = Π

i=1,i≠p
9

(λi
2 − λp

2)−1, r2q = Π

i=1,i≠q
8,10,11

(λi
2 − λq

2)−1,

r3z = Π

i=1,i≠z
8

(λi
2 − λz

2)−1, g = 1, . . . ,11, p = 1, . . . . ,9,
q = 1, . . . . ,8,10,11, z = 1, . . . . ,8 

(55) 

LEMMA 1: The matrix Y is the fundamental matrix of the operator Θ(Δ) i.e. 

Θ(Δ)Y(x) = δ(x)I(x) (56) 

PROOF: To establish the lemma, it is adequate to prove that 

Γ1(Δ)(Δ + λ9
2)Y11(x) = δ(x) (57) 

Γ1(Δ)Γ2(Δ)Y44(x) = δ(x) (58) 

Γ1(Δ)Y10;10(x) = δ(x) (59) 

 Consider ∑ r1i
9
i=1 =

1

z10
∑ (−1)j+19
j=1 zj, where z1, . . . . , z10 are mentioned in Appendix E. Upon 

simplifying the R.H.S. of the above relation, we obtain  

∑r1i

9

i=1

= 0. (60) 

Similarly, we find  

∑r1i(λ1
2 − λi

2)

9

i=2

= 0, ∑r1i [ Π

j=1
2

(λj
2 − λi

2)]

9

i=3

= 0, ∑r1i [ Π

j=1
3

(λj
2 − λi

2)]

9

i=4

= 0, 

∑r1i [ Π

j=1
4

(λj
2 − λi

2)]

9

i=5

= 0, ∑r1i [ Π

j=1
5

(λj
2 − λi

2)]

9

i=6

= 0, ∑r1i [ Π

j=1
6

(λj
2 − λi

2)]

9

i=7

= 0, 

∑r1i [ Π

j=1
7

(λj
2 − λi

2)]

9

i=8

= 0, r19 [ Π

i=1
8

(λi
2 − λ9

2)] = 1 

(61) 

Also, we have 
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(Δ + λp
2)ςg(x) = δ(x) + (λp

2 − λg
2)ςg(x), p, g = 1, . . . . . ,11 (62) 

 Now, let us consider 

Γ1(Δ)(Δ + λ9
2)Y11(x) = Π

i=1
9

(Δ + λi
2)∑r1gςg(x)

9

g=1

= Π

i=2
9

(Δ + λi
2)∑r1g[δ(x) + (λ1

2 − λg
2)ςg(x)]

9

g=1

  

Using Eqs. 60-62 in the above relation, we obtain 

Γ1(Δ)(Δ + λ9
2)Y11(x)  

= Π

i=2
9

(Δ + λi
2)∑r1g(λ1

2 − λg
2)ςg(x)

9

g=2

= Π

i=3
9

(Δ + λi
2)∑r1g(λ1

2 − λg
2)[δ(x) + (λ2

2 − λg
2)ςg(x)]

9

g=2

 

 

= Π

i=3
9

(Δ + λi
2)∑r1g [ Π

j=1
2

(λj
2 − λg

2)] ςg(x

9

g=3

)

= Π

i=4
9

(Δ + λi
2)∑r1g [ Π

j=1
2

(λj
2 − λg

2)] [δ(x) + (λ3
2 − λg

2)ςg(x)]

9

g=3

 

 

= Π

i=4
9

(Δ + λi
2)∑r1g [ Π

j=1
3

(λj
2 − λg

2)] ςg(x)

9

g=4

= Π

i=5
9

(Δ + λi
2)∑r1g [ Π

j=1
3

(λj
2 − λg

2)]

9

g=4

[δ(x) + (λ4
2 − λg

2)ςg(x)] 

 

= Π

i=5
9

(Δ + λi
2)∑r1g [ Π

j=1
4

(λj
2 − λg

2)] ςg(x)

9

g=5

= Π

i=6
9

(Δ + λi
2)∑r1g [ Π

j=1
4

(λj
2 − λg

2)]

9

g=5

[δ(x) + (λ5
2 − λg

2)ςg(x)] 

 

= Π

i=6
9

(Δ + λi
2)∑r1g [ Π

j=1
5

(λj
2 − λg

2)] ςg(x)

9

g=6

= Π

i=7
9

(Δ + λi
2)∑r1g [ Π

j=1
5

(λj
2 − λg

2)]

9

g=6

[δ(x) + (λ6
2 − λg

2)ςg(x)] 

 

= Π

i=7
9

(Δ + λi
2)∑r1g [ Π

j=1
6

(λj
2 − λg

2)] ςg(x)

9

g=7

= Π

i=8
9

(Δ + λi
2)∑r1g [ Π

j=1
6

(λj
2 − λg

2)] [δ(x) + (λ7
2 − λg

2)ςg(x)]

9

g=7

 

 

= Π

i=8
9

(Δ + λi
2)∑r1g [ Π

j=1
7

(λj
2 − λg

2)] ςg(x

9

g=8

)

= (Δ + λ9
2)∑r1g [ Π

j=1
7

(λj
2 − λg

2)] [δ(x) + (λ8
2 − λg

2)ςg(x)]

9

g=8

 

 

= (Δ + λ9
2)ς9(x) = δ(x)  

Eqs. 58 and 59 can be proved similarly. 
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 We introduce the matrix 

G(x) = R(Dx)Y(x) (63) 

From Eqs. 54, 56 and 63, we obtain 

F(Dx)G(x) = F(Dx)R(Dx)Y(x) = Θ(Δ)Y(x) = δ(x)I(x)  

Therefore, G(x) is a solution to Eq. 29. 

THEOREM 1: If the condition in Eq. 28 is satisfied, then the matrix G(x) defined by Eq. 63 is the 

fundamental solution of the system of Eq. 27, and each element of the matrix G(x) is represented in the 

following form: 

Ggl(x) = Rgl(Dx)Y11(x), Ggq(x) = Rgq(Dx)Y44(x), Ggj(x) = Rgj(Dx)Y10;10(x), 

g = 1, . . . . ,14, l = 1,2,3, q = 4, . . . . ,9, j = 10, . . . . . ,14 

 

 

5. Basic properties of matrix G(x) 

THEOREM 2: Each column of the matrix G(x) is a solution of the system of Eq. 27 at every point x ∈

E3except at the origin. 

THEOREM 3: If the condition in Eq. 28 is satisfied, then the fundamental solution of the system 

𝐅̃(𝐃𝐱)𝐔(𝐱) = 𝟎  

is the matrix G̃(x) = (G̃gl(x))14×14
, where G̃gl(x), g, l = 1, . . . . . ,14 are given in Appendix F. 

 

6. Fundamental solution of a system of equations in equilibrium theory 

If we substitute ω = 0 into the system of Eq. 27, we derive the system of equations for the equilibrium theory 

of thermoelastic diffusion with microtemperatures, microconcentrations, and triple porosity as: 

μΔu + (λ′ + μ)∇(∇ ⋅ u) + ƛ̃i∇φi − ϑ1∇θ − ϑ2∇P = 0, 
(k6Δ − k2)v + (k4 + k5)∇(∇ ⋅ v) − k3∇θ = 0, 
(h6Δ − h2)w + (h4 + h5)∇(∇ ⋅ w) − h3∇P = 0, 

−ƛ̃1(∇ ⋅ u) − B1(∇ ⋅ v) − B4(∇ ⋅ w) + (A1Δ − ζ1)φ1 + (A4Δ − ζ4)φ2 + (A6Δ − ζ6)φ3 
+ξ1θ + v1P = 0, 

−ƛ̃2(∇ ⋅ u) − B2(∇ ⋅ v) − B5(∇ ⋅ w) + (A4Δ − ζ4)φ1 + (A2Δ − ζ2)φ2 + (A5Δ − ζ5)φ3 
+ξ2θ + v2P = 0, 

−ƛ̃3(∇ ⋅ u) − B3(∇ ⋅ v) − B6(∇ ⋅ w) + (A6Δ − ζ6)φ1 + (A5Δ − ζ5)φ2 + (A3Δ − ζ3)φ3 
+ξ3θ + v3P = 0, 

k1(∇ ⋅ v) + kΔθ = 0, 
h1(∇ ⋅ w) + hΔP = 0 

(64) 

 We introduce the second-order matrix differential operators with constant coefficients as 

𝐄(𝐃𝐱) = (𝐄𝐠𝐥(𝐃𝐱))𝟏𝟒×𝟏𝟒
  

where matrix E(Dx) can be obtained from F(Dx) by takingω = 0. The system of Eq. 64 can be represented 

as  

𝐄(𝐃𝐱)𝐔(𝐱) = 𝟎  

DEFINITION 3: The operator E(Dx) is an elliptic differential operator iff Eq. 28 is satisfied. 
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DEFINITION 4: The fundamental solution of the system of Eq. 64 is the matrix G′(x) = (Ggl
′ (x))

14×14
 

satisfying the following condition. 

E(Dx)G
′(x) = δ(x)I(x) (65) 

 We consider the system of non-homogeneous equations  

μΔu + (λ′ + μ)∇(∇ ⋅ u) − ƛ̃i∇φi = H
′ (66) 

(k6Δ − k2)v + (k4 + k5)∇(∇ ⋅ v) − Bi∇φi + k1∇θ = V
′ (67) 

(h6Δ − h2)w + (h4 + h5)∇(∇ ⋅ w) − Bi+3∇φi + h1P = W
′ (68) 

ƛ̃1(∇ ⋅ u) + (A1Δ − ζ1)φ1 + (A4Δ − ζ4)φ2 + (A6Δ − ζ6)φ3 = X1
′ , (69) 

ƛ̃2(∇ ⋅ u) + (A4Δ − ζ4)φ1 + (A2Δ − ζ2)φ2 + (A5Δ − ζ5)φ3 = X2
′ , (70) 

ƛ̃3(∇ ⋅ u) + (A6Δ − ζ6)φ1 + (A5Δ − ζ5)φ2 + (A3Δ − ζ3)φ3 = X3
′ , (71) 

−ϑ1(∇ ⋅ u) − k3(∇ ⋅ v) + ξiφi + kΔθ = Y
′ (72) 

−ϑ2(∇ ⋅ u) − h3(∇ ⋅ w) + viφi + hΔP = Z
′ (73) 

where 𝐇′, 𝐕′,𝐖′are three-component vector functions on E3; 𝐗𝐢
′, 𝐘′, 𝐙′are scalar functions on E3. The Eqs. 

66–73 can also be expressed in the following form: 

Etr(Dx)U(x) = Q
′(x) (74) 

where Etr is the transpose of matrix E,Q′ = (H′, V′,W′ , Xi
′, Y′, Z′), x ∈ E3. Applying the operator (∇ ⋅)to the 

Eqs. 66-68, we obtain 

λ̃Δ(∇ ⋅ u) − ƛ̃iΔφi = ∇ ⋅ H
′ (75) 

(k7Δ − k2)∇ ⋅ v − BiΔφi + k1Δθ = ∇ ⋅ V
′ (76) 

(h7Δ − h2)∇ ⋅ w − Bi+3Δφi + h1ΔP = ∇ ⋅ W
′ (77) 

Eqs. 69-71 and 75 may be expressed in the form 

N′(Δ) ⥂⥂ S′ = Q̃′ (78) 

where S′, Q̃′and N′(Δ) are defined in Appendix G. Eq. 78 can also be expressed in determinant form as: 

Γ3(Δ)S
′ = Φ (79) 

where Φ = (Φ1, . . . , Φ4), Φp =
1

C̃
∑ Mip

∗ wi
4
i=1 , Γ3(Δ) =

|N′(Δ)|

C̃
, C̃ = λ̃ϑ, p = 1, . . . ,4 and Mip

∗  is the cofactor of 

the elementNip
′ of the matrix N′. On expanding Γ3(Δ), we see that  

Γ3(Δ) = Δ Π

i=1
3

(Δ + μ̃i
2) 

 

where μ̃i
2, i = 1,2,3are the roots of the equation |N̑(−m)| = 0 (with respect to m).  From Eq. 72, we get 

Δθ =
1

k
[Y′ + ϑ1(∇ ⋅ u) + k3(∇ ⋅ v) − ξiφi]. Use it in Eq. 76 and then apply the operator Γ3(Δ) to the 

resulting equation, we get 
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Γ3(Δ)(Δ + μ̃4
2)∇ ⋅ v = Φ5, μ̃4

2 =
k1k3 − k2k

kk7
 

(80) 

where Φ5is given in Appendix G. From Eq. 73, we get ΔP =
1

h
[Z′ + ϑ2(∇ ⋅ u) + h3(∇ ⋅ w) − viφi]. Use it 

in Eq. 77 and then apply the operator Γ3(Δ) to the resulting equation, we get 

Γ3(Δ)(Δ + μ̃5
2)∇ ⋅ w = Φ6, μ̃5

2 =
h1h3 − h2h

hh7
 

(81) 

where Φ6is given in Appendix G. Applying operators Γ3(Δ)(Δ + μ̃4
2) and Γ3(Δ)(Δ + μ̃5

2) to Eqs. 72 and 73 

and using Eqs. 80 and 81, we get 

Δ2 Π

i=1
4

(Δ + μ̃i
2)θ = Φ7 

(82) 

Δ2 Π

i=1
3,5

(Δ + μ̃i
2)P = Φ8 

(83) 

where Φ7 and Φ8are defined in Appendix G. Applying operatorsΓ3(Δ), Δ
2 Π

i=1
4

(Δ + μ̃i
2) and Δ2 Π

i=1
3,5

(Δ + μ̃i
2) 

to Eqs. 66-68 respectively and using Eqs. 79-83, we obtain  

ΔΓ3(Δ)u = Φ
′, 

Δ2 Π

i=1
4,6

(Δ + μ̃i
2)v = Φ″, μ̃6

2 = −
k2
k6

 

Δ2 Π

i=1
3,5,7

(Δ + μ̃i
2)w = Φ‴, μ̃7

2 = −
h2
h6

 

(84) 

where Φ′, Φ″, Φ‴ are mentioned in Appendix G. From Eqs. 79 and 82-84, we get 

Λ(Δ)U(x) = Φ̑(x) (85) 

where Φ̑(x) and Λ(Δ) are defined in appendix G. 

 The expressions for Φ′, Φ″, Φ‴, Φ2, Φ3, Φ4, Φ7, Φ8 can be rewritten as 

Φ̂(x) = Ztr(Dx)Q
′(x) (86) 

where Z(Dx) = (Zgl(Dx))14×14
is given in Appendix H. From Eqs. 74, 85, and 86, we get  

E(Dx)R(Dx) = Λ(Δ) (87) 

 Let 

Y′(x) = (Yij
′ (x))

14×14
, Ypp

′ (x) = r11
′ ς1

∗(x) + r12
′ ς2

∗(x) +∑r1;g+2
′

3

g=1

ς̑g(x), 

Yp+3;p+3
′ (x) = r21

′ ς1
∗(x) + r22

′ ς2
∗(x) +∑r2;g+2

′

4,6

g=1

ς̑g(x), 

Yp+6;p+6
′ (x) = r31

′ ς1
∗(x) + r32

′ ς2
∗(x) + ∑ r3;g+2

′

3,5,7

g=1

ς̑g(x), 
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Yp+9;p+9
′ (x) = r41

′ ς1
∗(x) +∑r4;g+1

′

3

g=1

ς̑g(x), 

Y13;13
′ (x) = r51

′ ς1
∗(x) + r52

′ ς2
∗(x) +∑r5;g+2

′

4

g=1

ς̑g(x), 

Y14;14
′ (x) = r61

′ ς1
∗(x) + r62

′ ς2
∗(x) +∑r6;g+2

′

3,5

g=1

ς̑g(x), 

Yij
′ (x) = 0, p = 1,2,3, i, j = 1, . . . . ,14, i ≠ j 

where ς̑g(x), g = 1, . . . ,7 and r11
′ , . . . , r67

′  are given in Appendix I.  

LEMMA 2: The matrix Y′is the fundamental matrix of the operator Λ(Δ) i.e. 

Λ(Δ)Y′(x) = δ(x)I(x) (88) 

PROOF: To prove the lemma, it is sufficient to prove that 

ΔΓ3(Δ)Y11
′ (x) = δ(x), 

ΔΓ3(Δ)(Δ + μ̃4
2)(Δ + μ̃6

2)Y44
′ (x) = δ(x), 

ΔΓ3(Δ)(Δ + μ̃5
2)(Δ + μ̃7

2)Y77
′ (x) = δ(x), 

Γ3(Δ)Y10;10
′ (x) = δ(x), 

ΔΓ3(Δ)(Δ + μ̃4
2)Y13;13

′ (x) = δ(x), 

ΔΓ3(Δ)(Δ + μ̃5
2)Y14;14

′ (x) = δ(x) 

(89) 

It is much easier to prove the system of Eq. 89. It has been left for the reader. We introduce the matrix 

G′(x) = Z(Dx)Y
′(x) (90) 

From Eqs. 87, 88 and 90, we obtain E(Dx)G
′(x) = δ(x)I(x). Hence, G(x) is a solution to Eq. 65. 

THEOREM 4: If the condition in Eq. 29 is satisfied, then the matrix G′(x) defined by Eq. 90 is the 

fundamental solution of the system of Eq. 64. 

 

7. Conclusions 

The paper makes significant contributions to the field of thermoelasticity through the following key aspects: 

• Derivation of linear theory: The paper introduces a linear theory that incorporates triple porosity, 

microtemperatures, and microconcentrations. This theoretical framework expands the understanding 

of thermoelastic behavior in materials by considering multiple intricate factors simultaneously. 

• Analysis of fundamental matrix: The study includes an analysis of the fundamental matrix 

associated with the resulting system of equations. This analysis is conducted under different scenarios, 

including oscillatory and equilibrium conditions. Understanding the fundamental matrix provides 

insights into the dynamic and static behavior of the thermoelastic system. 

• Enhanced understanding of thermoelastic behavior: By considering triple porosity, 

microtemperatures, and microconcentrations in the derivation of the linear theory, the paper 

contributes to a deeper and more nuanced understanding of thermoelastic behavior in complex 

materials. This holistic approach enables researchers and practitioners to model and analyze materials 

with a higher degree of accuracy. 

• Practical insights: The derived linear theory and the analysis of the fundamental matrix offer 

practical insights that can be applied in real-world scenarios. Understanding how thermoelastic 
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materials behave under various conditions is crucial for designing and optimizing materials in 

engineering and scientific applications. 

 In summary, the paper's contributions provide a valuable foundation for advancing the field of 

thermoelasticity, offering a more comprehensive theoretical framework and insights that can be practically 

applied in the analysis and design of materials with complex thermoelastic properties. 
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Appendix A 

Fpq(Dx) = [μΔ + ρω
2]δpq + (λ

′ + μ)
∂2

∂xp ∂xq
, Fp;q+3(Dx) = Fp+3;q(Dx) = 0, 

Fp;q+6(Dx) = Fp+6;q(Dx) = 0, Fp;q+9(Dx) = −Fq+9;p(Dx) = ƛ̃q
∂

∂xp
, 

Fp;13(Dx) = −ϑ1
∂

∂xp
, Fp;14(Dx) = −ϑ2

∂

∂xp
, 

Fp+3;q+3(Dx) = [k6Δ + k8]δpq + (k4 + k5)
∂2

∂xp ∂xq
, 

Fp+3;q+6(Dx) = Fp+6;q+3(Dx) = ιωD3δpq, Fp+3;q+9(Dx) = ιωBq
∂

∂xp
, 

Fp+3;13(Dx) = −k3
∂

∂xp
, Fp+3;14(Dx) = F14;p+3(Dx) = 0, 

Fp+6;q+6(Dx) = [h6Δ + h8]δpq + (h4 + h5)
∂2

∂xp ∂xq
, 

Fp+6;q+9(Dx) = ιωBq+3
∂

∂xp
, Fp+6;13(Dx) = F13;p+6(Dx) = 0, Fp+6;14(Dx) = −h3

∂

∂xp
, 

Fp+9;q+3(Dx) = −Bp
∂

∂xq
, Fp+9;q+6(Dx) = −Bp+3

∂

∂xq
, Fp+9;p+9(Dx) = ApΔ − γp, 

F10;11(Dx) = F11;10(Dx) = A4Δ − ζ4, F10;12(Dx) = F12;10(Dx) = A6Δ − ζ6, 

F11;12(Dx) = F12;11(Dx) = A5Δ − ζ5, Fp+9;13(Dx) = ξp, Fp+9;14(Dx) = vp, 

F13;q(Dx) = ιωϑ1T0
∂

∂xq
, F13;q+3(Dx) = k1

∂

∂xq
, F13;q+9(Dx) = ιωξqT0, 

F13;13(Dx) = kΔ + ιωηT0, F13;14(Dx) = ιωςT0, F14;q(Dx) = ιωϑ2
∂

∂xq
, 

F14;q+6(Dx) = h1
∂

∂xq
, F14;q+9(Dx) = ιωvq, F14;13(Dx) = ιως, 

F14;14(Dx) = hΔ + ιωϖ, p, q = 1,2,3,  k8 = ιωD1 − k2, h8 = ιωD2 − h2 

F̃pq(Dx) = μΔδpq + (λ
′ + μ)

∂2

∂xp ∂xq
, F̃p+3;q+3(Dx) = k6Δδpq + (k4 + k5)

∂2

∂xp ∂xq
, 

F̃p+6;q+6(Dx) = h6Δδpq + (h4 + h5)
∂2

∂xp ∂xq
, F̃p+6;p+6(Dx) = ApΔ, F̃10;11(Dx) = 

F̃11;10(Dx) = A4Δ, F̃10;12(Dx) = F̃12;10(Dx) = A6Δ, F̃11;12(Dx) = F̃12;11(Dx) = A5Δ, 

F̃13;13(Dx) = kΔ, F̃14;14(Dx) = hΔ, F̃pz(Dx) = F̃zp(Dx) = 0, 

F̃p+3;y(Dx) = F̃y;p+3(Dx) = 0, F̃p+6;i(Dx) = F̃i;p+6(Dx) = 0, F̃p+9;j(Dx) = F̃j;p+9(Dx) = 0, 

F̃13;14(Dx) = F̃14;13(Dx) = 0, p, q = 1,2,3, z = 4, . . . ,14, y = 7, . . . ,14, i = 10, . . . ,14, j = 13,14 
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Appendix B 

S = (∇ ⋅ u, ∇ ⋅ v, ∇ ⋅ w, φ, θ, P), Q̃ = (w1, . . . , w8) = (∇ ⋅ H, ∇ ⋅ V, ∇ ⋅ W, Xi, Y, Z) 

N(Δ) = (Ngl(Δ))8×8
=

(

 
 
 
 
 
 

λ̃Δ + ρω200 − ƛ̃1Δ − ƛ̃2Δ − ƛ̃3ΔιωT0ϑ1Διωϑ2Δ
0k7Δ + k8ιωD3 − B1Δ − B2Δ − B3Δk1Δ0
0ιωD3h7Δ + h8 − B4Δ − B5Δ − B6Δ0h1Δ

ƛ̃1ιωB1ιωB4A1Δ − γ1A4Δ − ζ4A6Δ − ζ6ιωT0ξ1ιωv1
ƛ̃2ιωB2ιωB5A4Δ − ζ4A2Δ − γ2A5Δ − ζ5ιωT0ξ2ιωv2
ƛ̃3ιωB3ιωB6A6Δ − ζ6A5Δ − ζ5A3Δ − γ3ιωT0ξ3ιωv3
−ϑ1 − k30ξ1ξ2ξ3kΔ + ιωT0ηιως
−ϑ20 − h3v1v2v3ιωT0ςhΔ + ιωϖ )

 
 
 
 
 
 

8×8

 

Appendix C 

λ9
2 =

ρω2

μ
, Ψ′ =

1

μ
{Γ1(Δ)H-∇[(λ′ + μ)ψ1 − ƛ̃iψi+3 + ιωϑ1T0ψ7 + ιωϑ2ψ8]} 

Γ2(Δ) =
1

B̃
|
k6Δ + k8ιωD3
ιωD3h6Δ + h8

| , B̃ = k6h6 

Ψ″ =
1

B̃
{
(h6Δ + h8)[Γ1(Δ)V − (k4 + k5)∇ψ2 + Bi∇ψi+3 − k1∇ψ7]

−ιωD3[Γ1(Δ)W − (h4 + h5)∇ψ3 + Bi+3∇ψi+3 − h1∇ψ8]
} 

Ψ‴ =
1

B̃
{
(k6Δ + k8)[Γ1(Δ)W − (h4 + h5)∇ψ3 + Bi+3∇ψi+3 − h1∇ψ8]

−ιωD3[Γ1(Δ)V − (k4 + k5)∇ψ2 + Bi∇ψi+3 − k1∇ψ7]
} 

Ψ̂(x) = (Ψ′, Ψ″, Ψ‴, Ψ4, . . . , Ψ8),   Θ(Δ) = (Θgl(Δ))14×14
, 

Θpp(Δ) = Γ1(Δ)(Δ + λ9
2) = Π

i=1
9

(Δ + λi
2), Θp+3;p+3(Δ) = Θp+6;p+6(Δ) = Γ1(Δ)Γ2(Δ) = Π

i=1
8,10,11

(Δ + λi
2), 

Θqq(Δ) = Γ1(Δ) = Π

i=1
8

(Δ + λi
2), Θgl(Δ) = 0, p = 1,2,3, q = 10, . . . ,14, g, l = 1, . . ,14, g ≠ l 

Appendix D 

wp1(Δ) = −
1

Ãμ
[(λ′ + μ)Np1

∗ (Δ) − [ƛ̃iNp;i+3
∗ (Δ) − ιωϑ1T0Np7

∗ (Δ) − ιωϑ2Np8
∗ (Δ)]], 

wp2(Δ) = −
1

ÃB̃
{
(h6Δ + h8)[(k4 + k5)Np2

∗ (Δ) − BiNp;i+3
∗ (Δ) + k1Np7

∗ (Δ)]

−ιωD3[(h4 + h5)Np3
∗ (Δ) − Bi+3Np;i+3

∗ (Δ) + h1Np8
∗ (Δ)]

} , 

wp3(Δ) = −
1

ÃB̃
{
−ιωD3[(k4 + k5)Np2

∗ (Δ) − BiNp;i+3
∗ (Δ) + k1Np7

∗ (Δ)] +

(k6Δ + k8)[(h4 + h5)Np3
∗ (Δ) − Bi+3Np;i+3

∗ (Δ) + h1Np8
∗ (Δ)]

}, 

wpj(Δ) =
Npj
∗ (Δ)

Ã
, p = 1, . . . ,8, j = 4, . . . ,8 

Rij(Dx) =
1

μ
Γ1(Δ)δij + w11(Δ)

∂2

∂xi ∂xj
, Ri;j+3(Dx) = w12(Δ)

∂2

∂xi ∂xj
, 

Ri;j+6(Dx) = w13(Δ)
∂2

∂xi ∂xj
, Ri;p+6(Dx) = w1p(Δ)

∂

∂xi
, 

Ri+3;j(Dx) = w21(Δ)
∂2

∂xi ∂xj
, Ri+3;j+3(Dx) =

1

B̃
(h6Δ + h8)Γ1(Δ)δij + w22(Δ)

∂2

∂xi ∂xj
, 

Ri+3;j+6(Dx) = −
1

B̃
ιωD3Γ1(Δ)δij + w23(Δ)

∂2

∂xi ∂xj
, Ri+3;p+6(Dx) = w2p(Δ)

∂

∂xi
, 



171   Kansal 

Ri+6;j(Dx) = w31(Δ)
∂2

∂xi ∂xj
, Ri+6;j+3(Dx) = −

1

B̃
ιωD3Γ1(Δ)δij +w32(Δ)

∂2

∂xi ∂xj
, 

Ri+6;j+6(Dx) =
1

B̃
(k6Δ + k8)Γ1(Δ)δij + w33(Δ)

∂2

∂xi ∂xj
, Ri+6;p+6(Dx) = w3p(Δ)

∂

∂xi
, 

Rp+6;i(Dx) = wp1(Δ)
∂

∂xi
, Rp+6;i+3(Dx) = wp2(Δ)

∂

∂xi
, Rp+6;i+6(Dx) = wp3(Δ)

∂

∂xi
, 

Rp+6;e+6(Dx) = wpe(Δ), i, j = 1,2,3, p, e = 4, . . . ,8 

Appendix E 

z1 = Π

i=3
9

(λ2
2 − λi

2) Π

j=4
9

(λ3
2 − λj

2) Π

p=5
9

(λ4
2 − λp

2) Π

q=6
9

(λ5
2 − λq

2) Π

g=7
9

(λ6
2 − λg

2) Π

l=8
9

(λ7
2 − λl

2)(λ8
2 − λ9

2), 

z2 = Π

i=3
9

(λ1
2 − λi

2) Π

j=4
9

(λ3
2 − λj

2) Π

p=5
9

(λ4
2 − λp

2) Π

q=6
9

(λ5
2 − λq

2) Π

g=7
9

(λ6
2 − λg

2) Π

l=8
9

(λ7
2 − λl

2)(λ8
2 − λ9

2), 

z3 = Π

i=2
i≠3
9

(λ1
2 − λi

2) Π

j=4
9

(λ2
2 − λj

2) Π

p=5
9

(λ4
2 − λp

2) Π

q=6
9

(λ5
2 − λq

2) Π

g=7
9

(λ6
2 − λg

2) Π

l=8
9

(λ7
2 − λl

2)(λ8
2 − λ9

2), 

z4 = Π

i=2
i≠4
9

(λ1
2 − λi

2) Π

j=3
j≠4
9

(λ2
2 − λj

2) Π

p=5
9

(λ3
2 − λp

2) Π

q=6
9

(λ5
2 − λq

2) Π

g=7
9

(λ6
2 − λg

2) Π

l=8
9

(λ7
2 − λl

2)(λ8
2 − λ9

2), 

z5 = Π

i=2
i≠5
9

(λ1
2 − λi

2) Π

j=3
j≠5
9

(λ2
2 − λj

2) Π

p=4
p≠5
9

(λ3
2 − λp

2) Π

q=6
9

(λ4
2 − λq

2) Π

g=7
9

(λ6
2 − λg

2) Π

l=8
9

(λ7
2 − λl

2)(λ8
2 − λ9

2), 

z6 = Π

i=2
i≠6
9

(λ1
2 − λi

2) Π

j=3
j≠6
9

(λ2
2 − λj

2) Π

p=4
p≠6
9

(λ3
2 − λp

2) Π

q=5
q≠6
9

(λ4
2 − λq

2) Π

g=7
9

(λ5
2 − λg

2) Π

l=8
9

(λ7
2 − λl

2)(λ8
2 − λ9

2), 

z7 = Π

i=2
i≠7
9

(λ1
2 − λi

2) Π

j=3
j≠7
9

(λ2
2 − λj

2) Π

p=4
p≠7
9

(λ3
2 − λp

2) Π

q=5
q≠7
9

(λ4
2 − λq

2) Π

g=6
g≠7
9

(λ5
2 − λg

2) Π

l=8
9

(λ6
2 − λl

2)(λ8
2 − λ9

2), 

z8 = Π

i=2
i≠8
9

(λ1
2 − λi

2) Π

j=3
j≠8
9

(λ2
2 − λj

2) Π

p=4
p≠8
9

(λ3
2 − λp

2) Π

q=5
q≠8
9

(λ4
2 − λq

2) Π

g=6
g≠8
9

(λ5
2 − λg

2) Π

l=7
l≠8
9

(λ6
2 − λl

2)(λ7
2 − λ9

2), 

z9 = Π

i=2
8

(λ1
2 − λi

2) Π

j=3
8

(λ2
2 − λj

2) Π

p=4
8

(λ3
2 − λp

2) Π

q=5
8

(λ4
2 − λq

2) Π

g=6
8

(λ5
2 − λg

2) Π

l=7
8

(λ6
2 − λl

2)(λ7
2 − λ8

2), 

z10 = Π

i=2
9

(λ1
2 − λi

2) Π

j=3
9

(λ2
2 − λj

2) Π

p=4
9

(λ3
2 − λp

2) Π

q=5
9

(λ4
2 − λq

2) Π

g=6
9

(λ5
2 − λg

2) Π

l=7
9

(λ6
2 − λl

2) Π

e=8
9

(λ7
2 − λe

2)(λ8
2 − λ9

2) 

Appendix F 

G̃ij(x) =
1

λ̃
∇(∇ ⋅ ς2

∗(x)) −
1

μ
∇ × (∇ × ς2

∗(x)), G̃i+3;j+3(x) =
1

k7
∇(∇ ⋅ ς2

∗(x)) −
1

k6
∇ × (∇ × ς2

∗(x)), 

G̃i+6;j+6(x) =
1

h7
∇(∇ ⋅ ς2

∗(x)) −
1

h6
∇ × (∇ × ς2

∗(x)), G̃10;10(x) =
A2A3 − A5

2

ϑ
ς1
∗(x), 

G̃10;11(x) = G̃11;10(x) =
A5A6 − A4A3

ϑ
ς1
∗(x), G̃10;12(x) = G̃12;10(x) =

A4A5 − A2A6
ϑ

ς1
∗(x), 

G̃11;11(x) =
A1A3 − A6

2

ϑ
ς1
∗(x), G̃11;12(x) = G̃12;11(x) =

A4A6 − A1A5
ϑ

ς1
∗(x), 

G̃12;12(x) =
A1A2 − A4

2

ϑ
ς1
∗(x), G̃13;13(x) =

ς1
∗(x)

k
, G̃14;14(x) =

ς1
∗(x)

h
, 



Journal of Structural Engineering & Applied Mechanics 172 

G̃ip(x) = G̃pi(x) = G̃i+3;q(x) = G̃q;i+3(x) = G̃i+6;y(x) = G̃y;i+6(x) = G̃i+9;r(x) = 0, 

G̃r;i+9(x) = G̃13;14(x) = G̃14;13(x) = 0, ς1
∗(x) = −

1

4π|x|
, ς2

∗(x) = −
|x|

8π
 

i, j = 1,2,3, p = 4, . . . ,14, q = 7, . . . ,14, y = 10, . . . ,14, r = 13,14 

Appendix G 

S′ = (∇ ⋅ u, φ), Q̃′ = (w1
′ , w2

′ , w3
′ , w4

′ ) = (∇ ⋅ H′, Xi
′) 

N̑(Δ) = (N̑gl(Δ))4×4
=

(

 
 

λ̃ − ƛ̃1 − ƛ̃2 − ƛ̃3
ƛ̃1A1Δ − ζ1A4Δ − ζ4A6Δ − ζ6
ƛ̃2A4Δ − ζ4A2Δ − ζ2A5Δ − ζ5
ƛ̃3A6Δ − ζ6A5Δ − ζ5A3Δ − ζ3)

 
 

4×4

, 

N′(Δ) = (Ngl
′ (Δ))

4×4
= Δ(N̑gh(Δ))4×4

 

Φ5 =
1

kk7
{k [(BiΔ +

ξik1
k
)Φi+1 + Γ3(Δ)∇ ⋅ V

′] − k1[Γ3(Δ)Y
′ + ϑ1Φ1]} 

Φ6 =
1

hh7
{h [(Bi+3Δ +

vih1
h
)Φi+1 + Γ3(Δ)∇ ⋅ W

′] − h1[Γ3(Δ)Z
′ + ϑ2Φ1]} 

Φ7 =
1

k
[(Δ + μ̃4

2)[Γ3(Δ)Y
′ + ϑ1Φ1 − ξiΦi+1] + k3Φ5] 

Φ8 =
1

h
[(Δ + μ̃5

2)[Γ3(Δ)Z
′ + ϑ2Φ1 − viΦi+1] + h3Φ6] 

Φ′ =
1

μ
[Γ3(Δ)H

′ − (λ′ + μ)∇Φ1 + ƛ̃i∇Φi+1] 

Φ″ =
1

k6
[Δ2 Π

i=1
4

(Δ + μ̃i
2)V′ − Δ(k4 + k5)∇Φ5 + BiΔ(Δ + μ̃4

2)∇Φi+1 − k1∇Φ7] 

Φ‴ =
1

h6
[Δ2 Π

i=1
3,5

(Δ + μ̃i
2)W′ − Δ(h4 + h5)∇Φ6 + Bi+3Δ(Δ + μ̃5

2)∇Φi+1 − h1∇Φ8] 

Φ̑(x) = (Φ′, Φ″, Φ‴, Φ2, Φ3, Φ4, Φ7, Φ8), Λ(Δ) = (Λgl(Δ))14×14
, 

Λpp(Δ) = ΔΓ3(Δ) = Δ
2 Π

i=1
3

(Δ + μ̃i
2), Λp+3;p+3(Δ) = Δ

2 Π

i=1
4,6

(Δ + μ̃i
2), 

Λp+6;p+6(Δ) = Δ
2 Π

i=1
3,5,7

(Δ + μ̃i
2), Λp+9;p+9(Δ) = Γ3(Δ) = Δ Π

i=1
3

(Δ + μ̃i
2), 

Λ13;13(Δ) = Δ
2 Π

i=1
4

(Δ + μ̃i
2), Λ14;14(Δ) = Δ

2 Π

i=1
3,5

(Δ + μ̃i
2), 

Λgl(Δ) = 0, p = 1,2,3, g, l = 1, . . . ,14, g ≠ l 

Appendix H 

Zij(Dx) =
1

μ
Γ3(Δ)δij +m11(Δ)

∂2

∂xi ∂xj
, Zi;j+3(Dx) = m12(Δ)

∂2

∂xi ∂xj
, 

Zi;j+6(Dx) = m13(Δ)
∂2

∂xi ∂xj
, Zi;p+8(Dx) = m1;p+2(Δ)

∂

∂xi
, 

Zi+3;j(Dx) = 0, Zi+3;j+3(Dx) =
1

k6
Δ2 Π

i=1
4

(Δ + μ̃i
2)δij +m22(Δ)

∂2

∂xi ∂xj
, 
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Zi+3;j+6(Dx) = Zi+3;q(Dx) = 0, Zi+3;13(Dx) = m27(Δ)
∂

∂xi
, Zi+6;j(Dx) = 0, 

Zi+6;j+3(Dx) = 0, Zi+6;j+6(Dx) =
1

h6
Δ2 Π

i=1
3,5

(Δ + μ̃i
2)δij +m33(Δ)

∂2

∂xi ∂xj
, 

Zi+6;e(Dx) = 0, Zi+6;14(Dx) = m38(Δ)
∂

∂xi
, Zy+8;i(Dx) = my+2;1(Δ)

∂

∂xi
, 

Zy+8;i+3(Dx) = my+2;2(Δ)
∂

∂xi
, Zy+8;i+6(Dx) = my+2;3(Δ)

∂

∂xi
, 

Zy+8;p+8(Dx) = my+2;p+2(Δ), Z13;i(Dx) = Z13;i+6(Dx) = Z13;q(Dx) = 0, 

Z13;i+3(Dx) = m72(Δ)
∂

∂xi
, Z13;13(Dx) = m77(Δ), 

Z14;i(Dx) = Z14;i+3(Dx) = Z14;e(Dx) = 0, Z14;i+6(Dx) = m83(Δ)
∂

∂xi
, 

Z14;14(Dx) = m88(Δ), m11(Δ) = −
1

μC̃
{(λ′ + μ)M11

∗ (Δ) − ƛ̃iM1;i+1
∗ (Δ)}, 

m12(Δ) =
Δ + μ̃6

2

kk7C̃
[−k1ϑ1M11

∗ (Δ) + (BikΔ + k1ξi)M1;i+1
∗ (Δ)], 

m13(Δ) =
Δ + μ̃7

2

hh7C̃
[−h1ϑ2M11

∗ (Δ) + (Bi+3hΔ + h1vi)M1;i+1
∗ (Δ)], 

m1;y+2(Δ) =
M1y
∗ (Δ)

C̃
, m17(Δ) =

1

kk7C̃
[(k7Δ − k2)(ϑ1M11

∗ (Δ) − ξiM1;i+1
∗ (Δ)) + k3BiΔM1;i+1

∗ (Δ)], 

m18(Δ) =
1

hh7C̃
[(h7Δ − h2)(ϑ2M11

∗ (Δ) − viM1;i+1
∗ (Δ)) + h3Bi+3ΔM1;i+1

∗ (Δ)], 

m2z(Δ) = 0, m22(Δ) = −
Γ3(Δ)

kk6k7
[(k4 + k5)kΔ + k1k3], m27(Δ) =

k3
kk7

Γ3(Δ), 

m3s(Δ) = 0, m33(Δ) = −
Γ3(Δ)

hh6h7
[(h4 + h5)hΔ + h1h3], m38(Δ) =

h3
hh7

Γ3(Δ), 

my+2;1(Δ) = −
1

μC̃
{(λ′ + μ)My1

∗ (Δ) − ƛ̃iMy;i+1
∗ (Δ)}, 

my+2;2(Δ) =
Δ + μ̃6

2

kk7C̃
[−k1ϑ1My1

∗ (Δ) + (BikΔ + k1ξi)My;i+1
∗ (Δ)], 

my+2;3(Δ) =
Δ + μ̃7

2

hh7C̃
[−h1ϑ2My1

∗ (Δ) + (Bi+3hΔ + h1vi)My;i+1
∗ (Δ)],my+2;r+2(Δ) =

Myr
∗ (Δ)

C̃
, 

my+2;7(Δ) =
1

kk7C̃
[(k7Δ − k2)[ϑ1My1

∗ (Δ) − ξiMy;i+1
∗ (Δ)] + k3BiΔMy;i+1

∗ (Δ)], 

my+2;8(Δ) =
1

hh7C̃
[(h7Δ − h2)[ϑ2My1

∗ (Δ) − viMy;i+1
∗ (Δ)] + h3Bi+3ΔMy;i+1

∗ (Δ)], 

m7z(Δ) = m8s(Δ) = 0,m72(Δ) = −
k1Γ3(Δ)(Δ + μ̃6

2)

kk7
, m77(Δ) =

Γ3(Δ)(k7Δ − k2)

kk7
, 

m83(Δ) = −
h1Γ3(Δ)(Δ + μ̃7

2)

hh7
, m88(Δ) =

Γ3(Δ)(h7Δ − h2)

hh7
 

i, j = 1,2,3, p = 2, . . . ,6, q = 10,12,14, e = 10, . . . ,13, y, r = 2,4, z = 1,3,6,8, s = 1,2,4,7 
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Appendix I 

ς̑g(x) = −
eιμ̃g|x|

4π|x|
, g = 1, . . . ,7, 

r11
′ = −∑( ∏

3

j=1,j≠p

μ̃j
2)

3

p=1

∏

3

i=1

μ̃i
−4, r12

′ =∏

3

i=1

μ̃i
−2, r1;y+2

′ = μ̃y
−4 ∏

3

i=1,i≠y

(μ̃i
2 − μ̃y

2)
−1
, 

r21
′ = −∑( ∏

4,6

j=1,j≠p

μ̃j
2)

4,6

p=1

∏

4,6

i=1

μ̃i
−4, r22

′ =∏

4,6

i=1

μ̃i
−2, r2;q+2

′ = μ̃q
−4 ∏

4,6

i=1,i≠q

(μ̃i
2 − μ̃q

2)
−1
, 

r31
′ = −∑ ( ∏

3,5,7

j=1,j≠p

μ̃j
2)

3,5,7

p=1

∏

3,5,7

i=1

μ̃i
−4, r32

′ =∏

3,5,7

i=1

μ̃i
−2, r3;z+2

′ = μ̃z
−4 ∏

3,5,7

i=1,i≠z

(μ̃i
2 − μ̃z

2)−1, 

r41
′ =∏

3

i=1

μ̃i
−2, r4;y+1

′ = −μ̃y
−2 ∏

3

i=1,i≠y

(μ̃i
2 − μ̃y

2)
−1
, 

r51
′ = −∑( ∏

4

j=1,j≠p

μ̃j
2)

4

p=1

∏

4

i=1

μ̃i
−4, r52

′ =∏

4

i=1

μ̃i
−2, r5;r+2

′ = μ̃r
−4 ∏

4

i=1,i≠r

(μ̃i
2 − μ̃r

2)−1, 

r61
′ = −∑( ∏

3,5

j=1,j≠p

μ̃j
2)

3,5

p=1

∏

3,5

i=1

μ̃i
−4, r62

′ =∏

3,5

i=1

μ̃i
−2, r6;s+2

′ = μ̃s
−4 ∏

3,5

i=1,i≠s

(μ̃i
2 − μ̃s

2)−1, 

y = 1,2,3, q = 1,4,6, z = 1,5,7, r = 1, . . . ,4, s = 1,3,5 

 


