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In the reviewed paper, the case of a transverse displacement plane with two pairs of 

biperiodic (corresponding to the X and Y axes) cohesive cracks of unequal size, 

weakened by biperiodic circular holes, is considered. The circular holes are filled 

with reinforcing fibers and the surface is covered with a thin homogeneous non-

metallic material of the same thickness. In this case, boundary issues between filler 

and coating, coating and matrix, and boundary issues along cohesion cracks are 

determined. For both cases, the solution to the problem is sought in the form of an 

analytical function with complex variables. According to the boundary conditions 

of the case, a system of unequal algebraic equations is found along the holes, and 

singular integral equations are constructed along the cohesion cracks. Currently, the 

singular integral equations are brought to the system of finite linear algebraic 

equations with the help of mathematical transformations. Both systems are solved 

together using the Gaussian method and the crack growth is determined using the 

stress intensity factor formulas at the crack tips. During the solution of the problem, 

the stress intensity coefficients at the end are found by the variation of the length of 

the cracks based on the radius of the circular holes. 
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1. Introduction 

In the problems of plane mechanics, the mechanics of collapse are of great importance, and from this point 

of view, the investigation of the collapse of structures is of particular importance. Thus, there are certain 

defects in the operation of the military construction. This reduces the service life of the structure. In this 

regard, the following issue is of particular importance. 

 Currently, technical means in the form of perforated elements are used in many branches of modern 

technology. In this context, it is of great importance to develop methods for calculating the strength of 

perforated elements of cracked machines and structures [13]. The study of these issues is important in 

connection with the development of energy, the chemical industry, and other branches of technology, as well 

as the widespread use of materials with a double periodic structure (composites). 
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 A fairly complete picture of the characteristic stress distribution in the microstructure of linearly 

reinforced materials can be obtained by examining the shear stress distribution in a plane perpendicular to 

the fiber orientation. The solution to this problem opens new possibilities for predicting the mechanical 

properties of composite materials based on the initial properties given for the constituent components and 

microstructure type. 

 The solution to contact problems is extremely important as we encounter many situations involving such 

problems in our daily lives [15]. One of the most important parameters effective in solving contact problems 

is the materials of the parts in contact. While it is relatively easy to solve the contact mechanics of the systems 

created with traditional materials with a homogeneous microstructure and mechanical distribution, it may be 

more difficult to solve the contact problem of new-generation materials that do not show a homogeneous 

distribution [12]. 

 Contact mechanics analysis is crucial because such problems often arise in engineering practice. When 

examining contact mechanics, the material property of the contacting components is a crucially significant 

aspect [16]. It is more complex to solve the contact mechanics of systems that are composed of materials that 

do not have a homogenous structure compared to materials that have homogeneous qualities throughout. 

While many studies on contact problems with homogeneous materials exist, those involving non-

homogeneous materials are scarce in the literature. As material technology improves fast, there will be a 

greater need to solve such problems. 

 These types of issues are reflected in modern spaceships, airplanes, and equipment developed by the 

Ministry of Defense Industry. The discussed issue can be considered relevant for modern times [11]. 

 

2. Field equations and formulation 

A model of fracture of composite materials with a doubly periodic structure is proposed, based on 

consideration of the zone of the fracture process near the crack tip. It is accepted that the zone of the 

destruction process is a layer of finite length containing material with partially broken bonds between its 

individual structural elements (end zone), considered as part of the crack. The presence of bonds between 

the crack faces in the end zone is modeled by applying adhesion forces caused by the presence of bonds to 

the crack surfaces. The analysis of the limit equilibrium of a cohesive crack under longitudinal shear is 

performed based on the criterion of the limiting shear of material bonds [7]. 

 Let there be an isotropic medium weakened by a periodic system of circular holes having radius 𝜆 (𝜆 < 1) 

and centers at points 

𝑃𝑚𝑛 = 𝑚𝜔1 + 𝑛𝜔2, (𝑚, 𝑛 = 0,±1,±2, . . . , ) 
(1) 

𝜔1 = 2, 𝜔2 = 𝜔1ℎ𝑒
𝑖𝛼 , ℎ > 0,     Im𝜔2 > 0 

 The circular holes of the plane (binder) are filled with washers (linearly reinforced with fibers) made of 

a homogeneous elastic material. The plane is weakened by two systems of periodic linear cracks with end 

zones connected between the faces. End zone crack models have been proposed for brittle materials [1], and 

end zone models in the case of plastic flow at constant stress have been considered in [2,3]. 

 The rows (edges) of shear cracks outside the end zones are free from external loads and 𝜎x = 0, 𝜎y = 0, 

𝜏xy = 𝜏𝑥𝑦
∞ , (shear at infinity) stresses act on the composite body (Fig. 1). 

 Note that an increase in external load following the cracks will cause pre-fracture zones to form. A crack 

model is used with connections between edges at the end regions of the pre-fracture. The tip regions of cracks 

are modeled by areas with weakened interparticle bonds in the material. If the length of the crack tip is not 

small relative to the length of the crack, then methods for evaluating the fracture resistance of a material by 

considering a small-tip crack are not applicable. In these cases, it is necessary to simulate the stress state in 
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the tip region of the crack using the deformation characteristics of the bonds and a two-parameter failure 

criterion that accounts for both the evolution of the crack tip and the change. in the size of the tip region of 

the crack during its growth. If the deformation and fracture processes in the tip zones of cracks involve 

several physical mechanisms, such as in composite materials, in such cases it is effective to use the tip zone 

model with a singularity at the crack tip [8,9]. 

 For homogeneous materials, such a normal fracture crack model in articles is considered, and 

development is given for cracks with an end zone at the interface of materials with different properties. 

 Modeling of end zones consists of treating them as part of the cracks and explicitly applying cohesive 

forces to the surface of the cracks in the end zones, which prevent them from sliding. It is accepted that the 

dimensions of the tip areas of the cracks are proportional to the length of the cracks. The interaction of the 

edges of the end zones is modeled by adding a pre-fracture zone between the edges of the bonds with a given 

deformation diagram. The physical nature of such bonds and the size of the pre-fracture zones depend on the 

type of material [14]. Under the influence of an external load on a composite body, tangential forces 𝑞𝑥(𝑥) 

and 𝑞𝑦(𝑦) will occur in the ties connecting the edges of the end zones of the cracks. These stresses are not 

known in advance and must be determined and reduced to the structure in two functions and 𝛹(𝑧) in each 

of the areas occupied by the medium according to the conditions given at the boundaries of the elastic 

medium. 𝛷(𝑧) The boundary conditions in the problem considered are as follows: 

(𝜎𝑟 − 𝑖𝜏𝑟𝜃)𝑏|𝛺𝑚 = (𝜎𝑟 − 𝑖𝜏𝑟𝜃)𝑠|𝛺𝑚  parallel to the 𝑥-axis 

(2) 

(𝑢 + 𝑖𝜐)𝑏|𝛺𝑚 = (𝑢 + 𝑖𝜐)𝑠|𝛺𝑚    parallel to the 𝑦-axis 

on the edge of cracks with end zones 

(𝜎𝑦 − 𝑖𝜏𝑥𝑦)𝑠 = 𝑓𝑥
(𝑥)  parallel to the 𝑥-axis 

(3) 

(𝜎𝑥 − 𝑖𝜏𝑥𝑦)𝑠 = 𝑓𝑦(𝑦)  parallel to the 𝑦-axis 

where Ω𝑚 𝑚 fiber-matrix interface in the cell number, the quantities related to coating, flake, and plane are 

shown with 𝑏 and 𝑠 indices, respectively. In free crack banks 𝑓𝑥(𝑥) = 0, 𝑓𝑥(𝑥) = −𝑖𝑞𝑥(𝑥) on the shores of 

the end areas of the fractures, 𝑓𝑦(𝑦) = 0 on the free edges of the cracks that are in the same line with the y-

axis, on the edge of the end zones of the cracks 𝑓𝑦(𝑦) = −𝑖𝑞𝑦(𝑦).  

 The main ratios of the problem posed should be supported by ratios that combine the slippage of the 

edge-end regions of the cracks and the forces in the bonds. Without loss of generality, we represent these 

equations as: 

𝑢+(𝑥,  0) − 𝑢−(𝑥,  0) = 𝐶(𝑥, 𝑞𝑥(𝑥))𝑞𝑥(𝑥) 

(4) 

𝜐+(0,  𝑦) − 𝜐−(0,  𝑦) = 𝐶(𝑦, 𝑞𝑦(𝑦))𝑞𝑦(𝑦) 

where, the functions 𝐶(𝑥, 𝑞𝑥(𝑥)) and 𝐶(𝑦, 𝑞𝑦(𝑦)) are the effective bond conformations, (𝑢+ − 𝑢−) shifting 

of the edges of the end zones of the cracks in the same direction as the axis of the abscissa, (𝜐+ − 𝜐−) shifting 

of the edges of the end zones of the cracks towards the y-axis. 

 The boundary conditions in the problem considered to find complex potentials are as follows [10]: 

𝛷𝑏(𝜏) + 𝛷𝑏(𝜏) − [𝜏𝛷𝑏
′ (𝜏) + 𝛹𝑏(𝜏)]𝑒

2𝑖𝜃 = 𝛷𝑠(𝜏) + 𝛷𝑠(𝜏) − [𝜏𝛷𝑠
′(𝜏) + 𝛹𝑠(𝜏)]𝑒

2𝑖𝜃 (5) 

−к𝑠𝛷𝑠(𝜏) + 𝛷𝑠(𝜏) − [𝜏̄𝛷𝑠
′(𝜏) + 𝛹𝑠(𝜏)]𝑒

2𝑖𝜃 =
𝜇𝑠
𝜇𝑏
{−к𝑏𝛷𝑏(𝜏) + 𝛷𝑏(𝜏) − [𝜏̄𝛷𝑏

′ (𝜏) + 𝛹𝑏(𝜏)]𝑒
2𝑖𝜃} (6) 
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𝛷𝑠(𝑡) + 𝛷𝑠(𝑡) + 𝑡𝛷𝑠
′(𝑡) + 𝛹𝑠(𝑡) = 𝑓𝑥(𝑡) (7) 

𝛷𝑠(𝑡1) + 𝛷𝑠(𝑡1) + 𝑡1𝛷𝑠
′(𝑡1) + 𝛹𝑠(𝑡1) = 𝑓𝑦(𝑡1) (8) 

where 𝜏 = 𝜆𝑒𝑖𝜃 +𝑚𝜔1 + 𝑛𝜔2, 𝜏1 = (𝜆 − ℎ)𝑒𝑖𝜃 +𝑚𝜔1 + 𝑛𝜔2, (𝑚, 𝑛 = 0, ±1, ±2, ..), ℎ is the thickness 

of the coating, 𝑡 and 𝑡1 are the additions of the crack edge points in line with the abscissa and ordinate axes, 

respectively. 

 Boundary conditions can be simplified [4,5]. It can be shown that the system of reduced equations will 

be as follows: 

(1 −
𝜇𝑠
𝜇𝑏
)𝛷𝑏(𝜏) + (1 + к𝑏

𝜇𝑠
𝜇𝑏
)𝛷𝑏(𝜏) − (1 −

𝜇𝑠
𝜇𝑏
) [𝜏̄𝛷𝑏

′ (𝜏) + 𝛹𝑏(𝜏)]𝑒
2𝑖𝜃 = (1 + к𝑠)𝛷𝑠(𝜏). (9) 

Therefore, it is necessary to determine three pairs of analytical functions, 𝛷𝑏(𝑧) 𝛹𝑏(𝑧), and 𝛷𝑠(𝑧), 𝛹𝑠(𝑧) 

from the boundary conditions in Eqs. (5)-(9). 

 

 

 

Fig. 1. Calculation diagram of the problem of the interaction of rigid inclusions and cohesive cracks in an isotropic 

medium under longitudinal shear 
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3. Solution to the boundary value problem and numerical results 

The solution to the boundary value problem is sought as 

𝛷𝑠(𝑧) = 𝛷1(𝑧) + 𝛷2(𝑧) + 𝛷3(𝑧),  𝛹𝑠(𝑧) = 𝛹1(𝑧) + 𝛹2(𝑧) + 𝛹3(𝑧) (10) 

𝛷𝑏(𝑧) = 𝑖 ∑ 𝑎2𝑘𝑧
2𝑘∞

𝑘=0 ,    𝛹𝑏(𝑧) = 𝑖 ∑ 𝑏2𝑘𝑧
2𝑘∞

𝑘=0  (11) 

𝛷1(𝑧) = 𝑖𝜏𝑥𝑦
∞ + 𝑖𝛼0 + 𝑖∑𝛼2𝑘+2

𝜆2𝑘+2𝜌(2𝑘)(𝑧)

(2𝑘 + 1)!

∞

𝑘=0

 (12a) 

𝛹1(𝑧) = 𝑖𝜏𝑥𝑦
∞ + 𝑖∑𝛽2𝑘+2

𝜆2𝑘+2𝜌(2𝑘)(𝑧)

(2𝑘 + 1)!

∞

𝑘=0

− 𝑖∑𝛼2𝑘+2
𝜆2𝑘+2𝑆(2𝑘)(𝑧)

(2𝑘 + 1)!

∞

𝑘=0

 (12b) 

𝛷2(𝑧) =
1

2𝜔
∫ 𝑔(𝑡)
𝐿1

𝑐𝑡𝑔
𝜋

𝜔
(𝑡 − 𝑧)𝑑𝑡 (13a) 

𝛹2(𝑧) = −
𝜋𝑧

2𝜔2
∫ 𝑔(𝑡)
𝐿1

𝑠𝑖𝑛−2
𝜋

𝜔
(𝑡 − 𝑧)𝑑𝑡 (13b) 

𝛷3(𝑧) = −
𝑖

2𝜔
∫ 𝑔1(𝑡1)
𝐿2

𝑐𝑡𝑔
𝜋

𝜔
(𝑖𝑡1 − 𝑧)𝑑𝑡1 (13c) 

𝛹3(𝑧) = −
𝑖

2𝜔
∫ {𝑔1(𝑡1)𝑐𝑡𝑔

𝜋

𝜔
(𝑖𝑡1 − 𝑧) +

𝐿2

+ [𝑐𝑡𝑔
𝜋

𝜔
(𝑖𝑡1 − 𝑧) +

𝜋

2𝜔
(2𝑡1 + 𝑖𝑧) 𝑠𝑖𝑛

2
𝜋

𝜔
(𝑖𝑡1 − 𝑧)]𝑔1(𝑡1)}𝑑𝑡1 (13d) 

Here are 𝑔(𝑡) and 𝑔1(𝑡1) required functions as 

𝑔(𝑥) = −
2𝜇𝑠𝑖

1+к𝑠

𝑑

𝑑𝑥
[𝑢+(𝑥,  0) − 𝑢−(𝑥,  0)]   length 𝐿1 

(14) 

𝑔1(𝑦) =
2𝜇𝑠

1+к𝑠

𝑑

𝑑𝑦
[𝜐+(0,  𝑦) − 𝜐−(0,  𝑦)]   length 𝐿2 

 For plane stress к𝑠 = 3 − 4𝑣, for plane strain к𝑠 = (3 − 𝑣) (1 + 𝑣)⁄ , 𝑣 Poisson's ratio of the plane 

material, 𝜇 shear modulus, 𝜌(𝑧) = (
𝜋

𝜔
)
2

𝑠𝑖𝑛−2 (
𝜋

𝜔
𝑧) −

1

3
(
𝜋

𝜔
)
2

, 𝑆(𝑧) special meromorphic function [6], 𝐿1 =

{[−𝑏,−𝑎] + [𝑎, 𝑏]} and 𝐿2 = {[−𝑑,−𝑙] + [𝑙, 𝑑]} are taken along the lines of integrals. 

 From the anti-symmetry conditions with respect to the coordinate axes, we find: 

Im𝛼2𝑘 = 0         Im𝛽2𝑘 = 0          𝑘 = 1,  2, … (15) 

 The following follows from the fact that the main vector of all forces acting on the spring connecting two 

compatible points in region D occupied by the binding material is constant: 

𝛼0 =
𝜋2

24
𝛽2𝜆

2 (16) 

 Additional conditions must be added to the basic integral representations that arise from the physical 

meaning of the problem such that 

∫ 𝑔(𝑡)𝑑𝑡 = 0
−𝑎

−𝑏
   ∫ 𝑔(𝑡)𝑑𝑡 = 0

𝑏

𝑎
   ∫ 𝑔1(𝑡1)𝑑𝑡1 = 0

−𝑙

−𝑑
   ∫ 𝑔1(𝑡1)𝑑𝑡1 = 0

𝑑

𝑏𝑙
 (17) 
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 The unknown 𝑔(𝑡) and 𝑔1(𝑡1) functions and the coefficients 𝑎2𝑘, 𝑏2𝑘, 𝑔2𝑘, ℎ2𝑘, 𝛼2𝑘, 𝛽2𝑘 must be 

determined from the boundary conditions. 

 Applying the power series method, we obtain an infinite set of linear algebraic equations. 

𝜇𝑠(к𝑏+1)

𝜇𝑏
𝑖𝑔0 = −(к𝑠 + 1)[𝑖 ∑ 𝛼2𝑗+2𝜆

2𝑗+2𝑟0,𝑗 − 𝑖𝜏𝑥𝑦
∞ + 𝐴0

∞
𝑗=0 ]  

−(1 −
𝜇𝑠
𝜇𝑏
) 𝑖(2𝑘 − 1)𝑔2𝑘𝜆

2𝑘 − (1 + к𝑡
𝜇𝑠
𝜇𝑏
) 𝑖𝑔−2𝑘𝜆

−2𝑘 − (1 −
𝜇𝑠
𝜇𝑏
) 𝑖ℎ−2𝑘−2𝜆

2𝑘−2

= (к𝑠 + 1) [𝑖∑𝛼2𝑗+2𝜆
2𝑗+2𝑘+2𝑟𝑗,𝑘 + 𝐴2𝑘

∞

𝑗=0

] 

(1 −
𝜇𝑠
𝜇𝑏
) (2𝑘 + 1)𝑖𝑔−2𝑘𝜆

−2𝑘 − (1 + к𝑏
𝜇𝑠
𝜇𝑏
) 𝑖𝑔2𝑘𝜆

2𝑘 − (1 −
𝜇𝑠
𝜇𝑏
) 𝑖ℎ−2𝑘−2𝜆

−2𝑘−2 = −(к𝑠 + 1)(𝑖𝛼−2𝑘 + 𝐴−2𝑘) 

𝑖(𝑔2𝜆
2 − 𝑔−2𝜆

−2) − 𝑖ℎ0 = −𝑖∑𝛼2𝑗+2𝜆
2𝑗+4𝑟1,𝑗 −

∞

𝑗=0

𝑖∑𝛽2𝑗+2𝜆
2𝑗+2𝑟0,𝑗 +

∞

𝑗=0

+ 𝑖∑(2𝑗 + 2)𝛼2𝑗+2𝜆
2𝑗+2𝑠0,𝑗 −

∞

𝑗=0

𝑖𝜏𝑥𝑦
∞ + 𝐴0 

−𝑖(2𝑘 − 1)𝑔2𝑘𝜆
2𝑘 − 𝑖𝑔−2𝑘𝜆

−2𝑘 − 𝑖ℎ2𝑘−2𝜆
2𝑘

= −𝑖∑𝛽2𝑗+2𝜆
2𝑗+2𝑟𝑘−2,𝑗 +

∞

𝑗=0

+ 𝑖∑𝛼2𝑗+2𝜆
2𝑗+2𝑟𝑗,𝑘2𝑘𝜆

2𝑘

∞

𝑗=0

+ 𝑖∑(2𝑗 + 2)𝛼2𝑗+2𝜆
2𝑗+2𝑠𝑘−1,𝑗 + 𝐴2𝑘

∞

𝑗=0

 

𝑖(2𝑘 + 1)𝑔−2𝑘𝜆
−2𝑘 − 𝑖𝑔2𝑘𝜆

2𝑘 − 𝑖ℎ2𝑘−2𝜆
−2𝑘−2 = 𝑖2𝑘𝜆2𝑘 − 𝑖𝛽2𝑗+2 + 𝐴−2𝑘 ⥂ 

(18) 

where 𝑟𝑗,𝑘 =
(2𝑗+2𝑘+1)!

(2𝑗)!(2𝑘+1)!

𝑔𝑗+𝑘+1

22𝑗+2𝑘+2
, 𝑟0,0 = 0, 𝑠𝑗,𝑘 =

(2𝑗+2𝑘+1)!

(2𝑗)!(2𝑘+1)!

𝜌𝑗+𝑘+1

22𝑗+2𝑘+2
 and 𝑠0,0 = 0. 

 By requiring the functions in Eq. (8) to satisfy the boundary condition in Eq. (6) at the edges of cracks 

with end zones 𝑔(𝑥) and 𝑔1(𝑦), we obtain two systems of singular integral equations for the functions: 

1

𝜔
∫ 𝑔(𝑡)𝑐𝑡𝑔

𝜋

𝜔𝐿1

(𝑡 − 𝑥)𝑑𝑡 + 𝐻(𝑥) = 𝑓𝑥(𝑥) 

−
𝜋

𝜔2
∫ 𝑔1(𝑡)
𝐿2

[(𝑡 − 𝑦)𝑠ℎ−2
𝜋

𝜔
(𝑡 − 𝑦)𝑑𝑡] + 𝑁(𝑦) = 𝑓𝑦(𝑦) 

𝐻(𝑥) = 𝑥𝛷𝑠
′(𝑥) + 𝛹𝑠(𝑥),  𝛷𝑠(𝑥) = 𝛷1(𝑥) + 𝛷3(𝑥),  𝛹𝑠(𝑥) = 𝛹1(𝑥) + 𝛹3(𝑥) 

𝑁(𝑦) = 𝛷0(𝑖𝑦) + 𝛷0(𝑖𝑦) + 𝑖𝑦𝛷0
′ (𝑖𝑦) + 𝛹0(𝑖𝑦),  𝛷0(𝑧) = 𝛷1(𝑧) + 𝛷2(𝑧) 

𝛹0(𝑧) = 𝛹1(𝑧) + 𝛹2(𝑧) 

(19) 

where 𝑐𝑡𝑔
𝜋

𝜔
𝑧, 𝑠ℎ−2

𝜋

𝜔
𝑧 functions in the main period band, the change of variables, and also the quadrature 

formulas [7,8], we reduce the integral equations to two finite algebra systems with additional conditions in 

(13). According to approximations and 𝑅𝑣
0 = 𝑔1

0(𝜂𝑘) values of unknown functions at points with Chebyshev 

nodes 𝑝𝑘
0 = 𝑔0(𝜂𝑘), we have 
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{
  
 

  
 ∑𝐴𝑚,𝑘𝑝𝑘

0 +
1

2
𝐻∗(𝜂𝑚) = 𝑞𝑥(𝜂𝑚)

𝑀

𝑘=1

(𝑚 = 1,  2, . . . ,  𝑀 − 1),

∑
𝑝𝑘
0

√1
2
(1 − 𝜆1

2)(𝜏𝑘 + 1) + 𝜆1
2

= 0,

𝑀

𝑘=1

 (20) 

{
  
 

  
 ∑𝐴𝑚,𝑣𝑅𝑣

0 +
1

2
𝑁∗(𝜂𝑚) = 𝑞𝑦(𝜂𝑚)

𝑀

𝑣=1

(𝑚 = 1,  2,  . . . ,  𝑀 − 1),

∑
𝑅𝑣
0

√1
2
(1 − 𝜆2

2)(𝜏𝑣 + 1) + 𝜆2
2

= 0.

𝑀

𝑣=1

 (21) 

where 𝑞𝑥(𝜂𝑚) contains the unknown values of shear stresses at the nodes of the end regions, respectively. 

𝑞𝑦(𝜂𝑚) contains the unknown stresses in the bonds are determined from additional conditions given by Eq. 

(3). Using the created solution, we represent Eq. (3) as follows: 

𝑑

𝑑𝑥
[С(𝑥, 𝑞𝑥(𝑥))𝑞𝑥(𝑥)] = −

(1 + к𝑠)

2𝜇𝑠𝑖
𝑔(𝑥) 

𝑑

𝑑𝑦
[С(𝑦, 𝑞𝑦(𝑦))𝑞𝑦(𝑦)] =

(1 + к𝑠)

2𝜇𝑠
𝑔1(𝑦) 

(22) 

for 𝐿1 and 𝐿2 respectively. Requiring the conditions in (18) to be fulfilled at the nodes of the tip regions of 

𝑞𝑥(𝜂𝑚) and cracks, 𝑞𝑦(𝜂𝑚) (𝑚 = 1,  2,  . . . ,  𝑀1), we obtain two more systems of equations each to 

determine the values of М1. In this case, the finite difference method is used. 

 The combined solving system of Eqs. (14), (16), (17), (18), 𝑝𝑘
0 (𝑘 = 1,  2, . . . ,  𝑀), 𝑅𝑣

0 

(𝑣 = 1,  2,  . . . ,  𝑀), 𝛼2𝑘, 𝛽2𝑘, 𝐴2𝑘,  𝑏2𝑘, ℎ2𝑘, 𝑎2𝑘 and 𝑔2𝑘 will be closed to 𝑞𝑥(𝜂𝑚) and 𝑞𝑦(𝜂𝑚) according 

to the unknowns. 

 𝑝𝑘
0 and 𝑅𝑣

0 functions are determined, and the stress intensity coefficients around the crack tips are found 

using the following relations: 

𝐾𝐼𝐼
𝑎 = −𝑖√

𝜋ℓ(1 − 𝜆∗
2)

𝜆∗

1

2𝑀
∑(−1)𝑘+𝑀𝑝𝑘

0

𝑀

𝑘=1

𝑡𝑔
𝜃𝑘
2
, 𝐾𝐼𝐼

ℓ = −𝑖√𝜋ℓ(1 − 𝜆∗
2)

1

2𝑀
∑(−1)𝑘𝑝𝑘

0𝑐

𝑀

𝑘=1

𝑡𝑔
𝜃𝑘
2

 

𝐾𝐼𝐼
𝑏 = −𝑖√

𝜋𝑟(1 − 𝜆2
2)

𝜆2

1

2𝑀
∑(−1)𝑣+𝑀𝑅𝑣

0

𝑀

𝑣=1

𝑡𝑔
𝜃𝑣
2
, 𝐾𝐼𝐼

𝑟 = −𝑖√𝜋𝑟(1 − 𝜆2
2)

1

2𝑀
∑(−1)𝑣𝑅𝑣

0𝑐

𝑀

𝑣=1

𝑡𝑔
𝜃𝑣
2

 

(23)  

 We note the limiting cases. Inclusion, coating, and binding materials are the same; 𝜇𝑏 = 𝜇𝑠, к𝑏 = к𝑠. 

From the given solution it follows: 

𝛷1(𝑧) = 𝑖𝜏𝑥𝑦
∞ ,  𝛹1(𝑧) = 𝑖𝜏𝑥𝑦

∞ ,  𝛷𝑏(𝑧) = 0,  𝛹𝑏(𝑧) = 0 (24) 

Then, we obtain a solution for rows of cracks without holes. 

 In 𝜔 → ∞, the general notation of Eqs. (10)–(13) presents a solution to the problem of a single insert 

uniformly coated with a homogeneous film with cracks along the coordinate axes for the binder. To obtain a 

solution for a single hole with a crack, it is also necessary to take 
𝜇𝑏

𝜇𝑠
= 0. 
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 To analyze the limit stability of end-zone cracks, two conditions (two-parameter criteria) for failure are 

required. The first criterion is the progress of the crack tip, and the second is the breaking state of the bonds 

at the edge of the tip region. 

 As the initial failure condition, we use the Irwin force criterion for failure. The limit equilibrium state of 

the crack tip corresponds to the fulfillment of the condition 

𝐾𝐼𝐼 = 𝐾𝐼𝐼𝑐 (25) 

where 𝐾𝐼𝐼𝑐 is the constant of the material determined empirically from [2,9]. 

 As the second failure condition, we use the criterion of critical sliding of crack edges and consider the 

breaking of bonds at the edge of the end zone ( 𝑥∗ = ℓ− 𝑑 or 𝑦∗ = 𝑟 − 𝑑1 ) to occur when the condition is 

met as 

𝑉(𝑥∗) = √(𝑢+ − 𝑢−)2 + (𝜐+ − 𝜐−)2 = 𝛿𝑐𝑟 (26) 

where is 𝛿𝑐𝑟 the maximum bond length. 

 The solution of the system of algebraic equations (16), (17), (18), (20), and (21) for a given crack length 

and bond properties is the limit slip of the end region in the case of critical external load and the limit crack 

balance 𝜏𝑥𝑦
∞ . 

 For cracks of certain sizes and end zones, 𝐾𝐼𝐼 and 𝐾𝐼𝐼𝑐 using the limit values, and it is possible to determine 

the equilibrium and growth modes of cracks under monotonic loading when the conditions are satisfying 

𝑉(𝑥∗)   and   𝑉(𝑦∗) < 𝛿𝑐𝑟 (27) 

 The crack tip then progresses with a simultaneous increase in the length of the tip region without severing 

the bonds. This stage of crack development can be considered as a process of adaptation to a certain level of 

external load. 

 

 

Fig. 2. Distance dependencies of 𝑎∗ = 𝑎 − 𝜆 critical load for both ends of the crack in 𝜏∗ = 𝜏𝑥𝑦
∞ √𝜔 𝐾𝐼𝐼𝑐⁄  (𝜆 = 0.3) 
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Fig. 3. Dependence 𝜏∗
𝑎 = 𝜏𝑥𝑦

∞ √𝜔 𝐾𝐼𝐼𝑐⁄  of ultimate load ℎ∗ = ℓ− 𝑎 on crack length 

 

 

Fig. 4. 𝜏∗
ℓ = 𝜏𝑥𝑦

∞ √𝜔 𝐾𝐼𝐼𝑐⁄  dependence of ultimate load on A2 crack length 

 

 Growth of the crack tip with a simultaneous rupture of bonds at the edge of the tip zone occurs when the 

following conditions are satisfying: 

𝐾𝐼𝐼 ≥ 𝐾𝐼𝐼𝑐    𝑉(𝑥∗ 𝑜𝑟 𝑦∗) ≥ 𝛿𝑐𝑟 (28) 

 The bonds break before the crack tip advances, and the size of the tip zone decreases, tending to a critical 

value for a certain load level. When conditions are satisfying 

𝐾𝐼𝐼 < 𝐾𝐼𝐼𝑐    𝑉(𝑥∗ 𝑜𝑟 𝑦∗) < 𝛿𝑐𝑟 (29) 
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The positions of the crack tip and end zone will not change. 

 Fig. 2 shows the dependence of the 𝜏∗ = 𝜏𝑥𝑦
∞ √𝜔 𝐾𝐼𝐼𝑐⁄  critical load on its distance 𝑎∗ = 𝑎 − 𝜆 for both 

ends of the crack along the abscissa axis (curve 1 corresponds to the left end). For comparison, the dashed 

line 𝜏∗ shows the dependence of inclusions and in the absence of coatings (the material of the inclusion, 

coating, and binder is the same) with the same fracture geometry calculated by the described method. In the 

same place, the dashed line indicates the dependency in the case of absolutely flexible inclusion (the holes 

are not filled with anything). For any elastic inclusion, the stress state pattern will occupy an intermediate 

position between these two limiting states. 

 Figs. 3 and 4 show graphs of the dependence of the ultimate load on the length of the crack for 𝜇𝑏 𝜇𝑠⁄ =

25. As can be seen, 𝜆 at certain values of the hole radius, stable development of a crack system (their mutual 

strengthening) is possible. Parametric analysis of the problem showed that the stress concentration near 

inclusions in the binder has a significant effect on the development of very small cracks. With increasing 

length of cracks with end zones, this effect disappears, and ℓ− 𝜆 > 𝜆 and 𝑟 − 𝜆 > 𝜆 can already be neglected 

in and, but in this case, the interaction of cracks begins to be affected. Depending on the geometric and 

physical parameters of the problem, a stable crack development with end zones is observed. The presence 

of a flexible inclusion increases the stress intensity factor, while rigid inclusions reduce it compared to the 

binding material. 

 

4. Conclusion 

The inclusion effect is especially effective at closely spaced crack tips. Thus, analysis 𝜏𝑥𝑦
∞  shows that the 

magnitude of the external load and 𝐾𝐼𝐼𝑐, 𝛿𝑐𝑟 its critical parameters determine the nature of the destruction: 

1. growth of the crack tip with advancement of the tip zone, 

2. reducing the size of the tip zone without expanding the crack tip, 

3. growth of the crack tip with simultaneous rupture of bonds at the edge of the tip region. 

 The model of a crack with end zones makes it possible to study the patterns of force distribution in ties 

under various laws of deformation, analyze the boundary stability of cracks taking into account deformation 

and force failure criteria, and also evaluate the critical external load. and crack resistance of the composite 

body (composite). It is possible to select a system of sealants (inclusions) in such a way that the stress field 

they create slows down the development of cracks in the binder. 
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