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Metaheuristic algorithms inspired by natural phenomena are frequently used in 

solving optimization problems recently. Just as every problem has its characteristics, 

every algorithm has its unique structure. Therefore, problem-specific algorithm 

selection is an important issue. In addition, metaheuristic algorithms are very open 

to development. Therefore, improved/modified versions of algorithms are common. 

Working with benchmarking problems and engineering design problems is the best 

way to compare the performance and reliability of metaheuristic algorithms. In this 

study, the performances of firefly (FA), particle swarm optimization (PSO), bat 

algorithm (BA), ant colony optimization (ACO), glow worms (GSO), and hunting 

search (HuS) algorithms are compared. An enhanced version of the firefly algorithm 

(RFA) is also recommended and included in the comparison. A benchmark and five 

engineering design problems were selected for comparison purposes. All algorithms 

are set to twenty thousand iterations. The results show that the metaheuristic 

algorithm that gives the best results varies according to the nature of the problem. 

Moreover, although it does not change the ranking of the algorithm that gives the 

best result according to the problem, it shows that RFA gives better results in every 

problem than FA. 

Keywords 
 

Swarm intelligence 

Refined firefly algorithm 

Benchmark problem 

Optimum design 

 

1. Introduction 

The method of searching for the best solution to the problem under certain conditions is called optimization. 

Optimization solution methods can generally be examined under two headings as mathematical and heuristic 

optimization algorithms [1]. Mathematical algorithms scan the entire solution space, so the computational 

load of these algorithms is higher. Therefore, in complex problems, it is more advantageous to use heuristic 

algorithms that solve in a shorter time by intuitively scanning the solution space. Today, the successful use 

of basic heuristics has formed the basis for the development of metaheuristic algorithms. These algorithms 

are widely used because of their simplicity, flexibility, non-differential mechanisms, and avoidance of local 

optima [2]. Some of the most popular metaheuristic algorithms are particle swarm optimization (PSO) [3–

7], ant colony optimization (ACO) [8–12], bat (BA) [13–18], firefly optimization (FA) [7, 19–22], glow 

worms (GSO) [23, 24] and hunting search (HuS) [25–28] algorithms. Metaheuristic algorithms are used in 

the data processing environment because they use more efficient search processes and can reach the best 

solution faster [29, 30]. These optimization techniques are applied in various fields of study, such as truss 

design [31, 32], parameter estimation [31, 32], and traffic engineering [33, 34]. Meta-heuristics are simple 
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to implement and are inspired by nature and imitated the behavior of animals. By simulating these behaviors, 

researchers propose new meta-heuristic methods day by day. Meta-heuristic methods can be applied to 

different problems without the need for much change in algorithm operation. In the software of codes, the 

input and output values of a system are very important in meta-heuristics. Therefore, the most important step 

required to solve problems with metaheuristic methods is to determine how to define the problem. While 

metaheuristic algorithms converge to the solution, they operate a predictive process starting from a random 

solution and do not need derivative information. Therefore, they differ from mathematical methods in these 

aspects. In addition, the local minimization drawbacks of traditional optimization methods are overcome by 

metaheuristic methods that have global search capability since they operate a predictive process [2]. Newly 

developed metaheuristic algorithms are often tested with benchmark and engineering functions and then 

compared with other algorithms to confirm their performance [35–37]. These functions are optimized with 

the most appropriate parameter value to obtain the best solution. All optimization algorithms aim to find the 

best solution as fast as possible. Test functions can be divided into categories such as modality, basins, 

valleys and separability, dimensionality. These categories are determined by the features that shape the 

appearance of the problem [38]. Traditional mathematical gradient-based programming techniques are 

effective to a certain extent. However, they are not suitable for application in complex design problems, so 

they are insufficient to reach solutions for some problems. Therefore, there is a need for solution methods 

that are more successful in global search than gradient-based programming techniques and that use 

probabilistic processes to obtain optimum designs [39]. 

 In an optimization problem, the objective must be well defined so that the algorithm achieves the best 

result. The objective function indicates a quantity to be optimized, such as benefit or cost. Then the 

constraints and design variables must be defined separately. The type of design variables might change 

depending on the type of problem or need. Constraints are generally rules-dependent variables or system 

constraints. A general optimization problem can be described as the selection of the best values or variables 

where the constraints are provided [40]. In general terms, an optimization problem is defined as follows [41, 

42]. 

 The objective function is 

 𝑧 = 𝐹(𝑥) (1) 

 Constraints are 

 𝑔𝑘(𝑥) ≤ 0     𝑘 = 1,2, … , 𝑝 (2) 

 ℎ𝑗(𝑥) = 0     𝑗 = 1,2, … ,𝑚 (3) 

 Design variable ranges are 

 𝐿𝑥𝑘 ≤ 𝑥 ≤ 𝑈𝑥𝑘 , 𝑘 = 1,2, … , 𝑛 (4) 

 The x values of design variables that make the objective function maximum or minimum under specific 

conditions are called optimization problems. F(x) is the objective function. x is the design variable, m is the 

equality constraint, and p is the inequality constraint. 

 In this study, the performances of FA, RFA, PSO, BA, ACO, GSO, and HuS algorithms for different 

problems are compared. In addition, optimization design problems are solved by using the basic version of 

the firefly algorithm. According to the results, the simple version of the algorithm is stuck in the local 

optimum point. To overcome this, it is aimed to improve by adding a new term to the search position update 

formulation. As a result of this improvement, the analysis of the same problems is examined, and it is 

observed that the problem of getting stuck in the local optimum was overcome. 
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 The second section of the study gives information about the used metaheuristic algorithms. Then, the 

definitions and solutions of the problems discussed in the third section are explained. In addition, the result 

tables and the performance graphics of the algorithms are also included in this section. Finally, the last section 

is the conclusion. 

 

2. Methodology 

In this part of the study, FA, RFA, PSO, ACO, BA, GSO, and HuS algorithms used as metaheuristic 

algorithms in the study are introduced. 

2.1. Firefly algorithm 

FA was developed by Xin-She Yang in 2008 [43]. This algorithm is designed according to the brightness 

and movement directions of fireflies. Fireflies, which have 2000 different species, live in tropical and 

temperate regions [19]. The light emitted by fireflies, which creates very pleasant images, has two basic 

functions. These functions are the ability to catch their prey by attracting them and the ability to mate by 

courting their mates [18]. The reason fireflies emit light is photogenic cells on their body surfaces. There is 

no gender discrimination in fireflies, they are unisex. The lower luminous fireflies move towards the higher 

luminous fireflies. In the FA, the light intensity I of the firefly is proportional to the value of the fitness 

function. 

 𝐼(𝑟) = 𝐼0𝑒
−𝛾𝑟2 (5) 

where 𝐼0 indicates the light intensity of the source and the light absorption is approximated using the constant 

light absorption coefficient. The allurement of fireflies is proportional to their light intensities 𝐼(𝑟). 

 𝛽 = 𝛽0𝑒
−𝛾𝑟2  (6) 

where 𝛽 is the allurement at 𝑟 = 0. The steps of the algorithm are given below: 

 𝑥𝑖(𝑡 + 1) = 𝑥𝑖(𝑡) + 𝛽0𝑒
−𝛾𝑟2(𝑥𝑖 − 𝑥𝑗) + 𝛼𝜀𝑖 (7) 

Here, 𝛽0𝑒
−𝛾𝑟2(𝑥𝑖 − 𝑥𝑗) is the randomization parameter resulting from the attraction of the firefly 𝑥𝑗 and 𝛼𝜀𝑖. 

The allurement of the new firefly position is compared with the allurement of the old position. If the new 

location generates a higher allurement value, the firefly will move to the new location, otherwise, the firefly 

will stay in its current position. As the termination criterion, FA uses a predefined random number of 

iterations or a fitness value. The brightest firefly moves randomly according to Eq (8). 

 𝑥𝑖(𝑡 + 1) = 𝑥𝑖(𝑡) + 𝛼𝜀𝑖 (8) 

2.2. Refined firefly algorithm 

Firefly algorithm optimization is one of the heuristic methods based on the swarm technique. The movements 

of fireflies depend on certain parameters. The fireflies' positions are updated using Eq. (7). In the improved 

firefly algorithm [44] thanks to the added parameter, the updated positions are added in a way that allows 

the fireflies to move randomly in certain directions in the near environment of their current position. 

𝑥𝑖(𝑡 + 1) = 𝑥𝑖(𝑡) + 𝛽0𝑒
−𝛾𝑟2(𝑥𝑖 − 𝑥𝑗) + 𝛼𝜀𝑖 + ℎ𝑖𝑟1

𝑁𝑠
∆𝑡

 (9) 
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ℎ𝑖 =

{
 

 1       𝑖𝑓  𝑟2 ≤
1

2𝑁𝑑

0        𝑖𝑓    𝑟2 >
1

2𝑁𝑑

 (10) 

where, 𝑟1 is a random number between 0 and 1; 𝑁𝑠 is referred to as the maximum value of the design 

variables. ℎ𝑖is 0-1 weight function applied by sampling a random number 𝑟2 between 0 and 1. 𝑁𝑑 is the 

number of dimensions of each firefly. Eq. (9) indicates that the inserted term design variable is allowed to 

change its position to a new one. This enables fireflies to continue their search for the optimum. Thanks to 

the reformulated equation, it was observed that the technique increased its effectiveness. Advances in the 

technique are illustrated with solved numerical examples. 

2.3. Particle swarm optimization 

PSO [45] was introduced in 1995 by social psychologists Kennedy and Eberhart, an electrical engineer. PSO 

is a solution algorithm for online, non-convex, or combinatorial optimization problems arising in many fields 

of science and engineering. The emergence of this algorithm is inspired by a herd of birds or fish. A herd is 

formed by the gathering of many bird species. The size of the herd may differ according to the number of 

birds. These swarms may come together in different seasons and may be formed by the coming together of 

different species. In a herd, the larger the flock, the more foraging opportunities and the higher the chance of 

spotting a predator in a timely manner. Therefore, the survival of the members of the herd is important. Each 

bird in the herd is called a particle. The PSO has three parameters. These are the velocity that drives motion 

through the problem space, the particle's best point, and the swarm's best point [46]. The steps of the 

algorithm are given below [47]. Initially, the particle swarm is randomly distributed, with positions 𝑥0
I  and 

initial velocities 𝑣0
i . 

 𝑥0
i = 𝑥𝑚𝑖𝑛 + r(𝑥𝑚𝑎𝑥 − 𝑥𝑚𝑖𝑛) (11) 

𝑣0
i = [

(𝑥𝑚𝑖𝑛 + r(𝑥𝑚𝑎𝑥 − 𝑥𝑚𝑖𝑛))

Δt
 (12) 

𝑟 represents a randomly chosen number between 0 and 1, 𝑥𝑚𝑎𝑥  and 𝑥𝑚𝑖𝑛  represent the upper and lower limits 

of the design variables, respectively. In step 2, the objective function values f(𝑥𝑘
𝑖 ) are calculated using the 

position (𝑥𝑘
𝑖 ) of the relevant particles. In step 3, the optimum particle position (𝑝𝑘

𝑖 ) and the global optimum 

particle position (𝑝𝑘
𝑔

) in the current 𝑘  iteration is updated. 

 𝑥𝑘+1
𝑖 = 𝑥𝑘

𝑖 + 𝑣𝑘+1
𝑖 Δ𝑡 (13) 

where 𝑥𝑘+1
𝑖 , (𝑘 + 1). position of particle 𝑖 in iteration, 𝑣𝑘+1

𝑖  is the relative velocity. In the next step, the 

velocity of each particle is updated. It is repeated until finally the stopping criterion is met. 

2.4. Ant colony optimization 

ACO has emerged as a metaheuristic method in combinatorial optimization problems. It is the algorithm 

developed by Dorigo et al [11, 48]. This method is inspired by ant behavior. The main purpose of the ants is 

to reach the food source most shortly. While foraging, they randomly search for places close to their nests. 

When one of the ants finds a food source, it evaluates this source in terms of quality and quantity and carries 

some of it to its nest. On the way back to the ant nest, it leaves a substance called chemical pheromone traces 

on the road route. The most important element of this technique is the pheromone chemical because it is used 

for communication and emphasizes the quality of the solution. This chemical is updated by the ants and 

represents a piece of information. The presence of a pheromone trace on a road indicates the quality of the 
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road and increases the probability of preference. This characteristic feature in real ants has been used in 

artificial ant colonies to solve integrated optimization problems. 

 First, the number of ants is chosen, each of which represents a possible solution to the optimization 

problem. Each ant is randomly assigned to each decision variable. The initial amount of pheromone (𝜏0) is 

calculated from the equation 𝜏0 = 1/𝑍𝑚𝑖𝑛 . Here 𝑍𝑚𝑖𝑛 is the minimum is the value. Then each ant in the 

colony chooses its first design variable. And then the ants choose the decision variable values. This selection 

is made by a decision process based on the probability calculation given below. 

𝑃𝑖𝑗(𝑡) =
(𝜏𝑖𝑗(𝑡))

α

∗ (𝑣𝑖𝑗)
𝛽

∑  𝑛𝑑𝑖𝑣
𝑗 (𝜏𝑖𝑗(𝑡))

α

∗ (𝑣𝑖𝑗)
𝛽

 (14) 

where 𝜏𝑖,𝑗is the accumulated pheromone between the '𝑖' and '𝑗' paths (𝑖, 𝑗) is the corresponding heuristic, 

which is the inverse of the length of the path. 𝛽is a parameter that determines the relative importance of the 

pheromone with respect to distance (𝛽 > 0) 

 𝑇(𝑖, 𝑗) ← (1 − 𝜌) ∙ 𝑇(𝑖, 𝑗) + ∑(1 − 𝜌) ∙ 𝑇(𝑖, 𝑗) (15) 

where 𝐿 is the length of the tour, 𝜌 is a constant number and represents the evaporation rate. When 𝜌 = 0,  

there is no evaporation. 

 Mathematical model of the pheromone level: 

Δ𝑇𝐾(𝑖, 𝑗) = {

1

𝐿𝐾
→  if …  route …  found 

0 →  otherwise 

} (16) 

Δ𝑇𝐾(𝑖, 𝑗) represents the amount of pheromone released on the road by each ant. As the ant moves from one 

point to another, i and j in the model represent the distance between the points. 
1

𝐿𝐾
 represents the distance 

between two points. calculations are made and the steps are repeated until the stopping criterion (usually the 

maximum number of iterations) is met [49]. 

2.5. Bat algorithm 

BA was developed by Xin-She Yang [13], inspired by the echolocation behavior of bats. Echolocation means 

positioning by sound. The sound intensity and signal propagation rates produced by bats by echolocation 

need to be updated as the iteration progresses and approaches the desired target. In the search process, 

artificial bats are used, which are like real bats with their natural pulse loudness and emission rate. These 

artificial bats search by imitating real bats [18]. 

 The mathematical model of the bat algorithm is as follows: 

 𝑓𝑖 = 𝑓𝑚𝑖𝑛 + (𝑓𝑚𝑎𝑥 − 𝑓𝑚𝑖𝑛)𝛽 (17) 

 𝑣𝑖
𝑡 = 𝑣𝑖

𝑡−1 + (𝑥𝑖
𝑡−1 − 𝑥∗)𝑓𝑖 (18) 

 𝑥𝑖
𝑡 = 𝑥𝑖

𝑡−1 + 𝑣𝑖
𝑡 (19) 

where 𝛽 ∈  [0, 1] is a random vector. The following equations can be used to change the sound intensity and 

pulse emission rates: 

 𝐴𝑖
𝑡+1 = 𝛼𝐴𝑖

𝑡 (20) 

 𝑟𝑖
𝑡+1 = 𝑟𝑖

0[1 − exp(−𝛾𝑡)] (21) 
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where 𝛼 is a random number between 0 and 1 and 𝛾 > 0 is a constant First, the algorithm parameters are 

initialized, generated, and evaluated by the initial population, and then the best solution 𝑥𝑏𝑒𝑠𝑡 in the 

population is determined. Then a new solution is generated. Here, virtual bats are moved relative to the search 

space to update the rules of the bat algorithm. The best solution is developed using random walks. The new 

solution is evaluated. The best solution is conditionally saved. In the last step: the best solution is found and 

the best available solution is updated [50]. 

2.6. Glow worms algorithm 

GSO algorithm was developed by Krishnanand and Ghose [23]. A broad class of benchmark functions is 

applied to test against GSO's ability to catch multiple optima. Simulation results show the success of the 

algorithm in finding global points. This algorithm is very close to the hunting process of honeybees or birds. 

Therefore, the new strategies are inspired by ABC and PSO. In addition, although some parameters of the 

classical GSO algorithm are constant, the performance of the population-based algorithm significantly 

depends on the control parameters [24]. 

 Initially, the initial parameters are taken (𝜌 = 0.4, 𝛾 = 0.6, 𝛽 = 0.08, 𝑛𝑡 = 5, 𝑠 = 0.03, 𝐼0 = 5). The 

m glow worm is randomly distributed in the search space of the optimization problem. The lucifer ratio of 

each glow-worm 𝑖 is then updated. 

 li(𝑡) = (1 − 𝜌)li(𝑡 − 1) + 𝛾𝐽(𝑥i(𝑡)) (22) 

 In its environment, the number of glow worms with a higher lucifer value than its lucifer value is selected. 

Calculate the probability of 𝑃𝑖𝑗(𝑡) for each glow-worm in this environment. 

𝑃𝑖𝑗(𝑡) =
𝑙𝑗(𝑡) − 𝑙𝑖(𝑡)

∑  𝑘∈𝑁𝑖(𝑡)
𝑙𝑘(𝑡) − 𝑙𝑖(𝑡)

 (23) 

 The surrounding 𝑗 glow worm is selected with the probability 𝑃𝑖𝑗(𝑡)and moved towards the 𝑖 glow worm. 

𝑥𝑖(𝑡 + 1) = 𝑥𝑖(𝑡) + 𝑠𝑡 ∗ {
𝑥𝑗(𝑡) − 𝑥𝑖(𝑡)

∥∥𝑥𝑗(𝑡) − 𝑥𝑖(𝑡)∥∥
} (24) 

 The neighborhood range is updated. Finally, the steps are repeated until the stopping criterion is met [4]. 

2.7. Hunting search algorithm 

The HuS algorithm inspired by predators that obtain their food by hunting other animals is developed by 

Mirjalili [2]. According to the HuS algorithm, the strong animal eats before the weak animal. That is, the 

strongest animal eats the most food, while the weakest animal starves to death. After a while, when the strong 

animal weakens, it is removed from the colony and a new animal is produced in its place. Thus, diversity is 

ensured, and the adaptation of the colony increases. This is the feature of the HuS algorithm that prevents it 

from getting stuck in the local optimum [28]. 

 First, the method parameters are determined. 𝐻𝐺𝑆 is the hunting group size. 𝑀𝑀𝐿 is the maximum 

movement toward the leader, 𝐻𝐺𝐶𝑅 is the hunting group consideration rate (between 0 and 1). Depending 

on the number of hunters (𝐻𝐺𝑆), the first position of the hunters in the group is determined. Hunters' 

positions are updated as they move toward the leader. The new positions of hunters (new solution vectors) 

𝑥′ = (𝑥1
′ , 𝑥2

′ , … , 𝑥𝑁
′ ). 

 𝑥𝑖
′ = 𝑥𝑖 + rand ∗ 𝑀𝑀𝐿 ∗ (𝑥𝑖

𝑙 − 𝑥𝑖) (25) 

 Here 𝑥𝑖
𝑙 is the position value of the leader for the ith variable. Hunters reorganize and arrange their 

positions relative to each other to hunt more effectively. 
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𝑥𝑖
𝑗
← {

𝑥𝑖
𝑗
∈ {𝑥𝑖

1, 𝑥𝑖
2, … , 𝑥𝑖

𝐻𝐺𝑆} 𝐻𝐺𝐶𝑅 

𝑥𝑖
𝑗
= 𝑥𝑖

𝑗
± rand (1 − 𝐻𝐺𝐶𝑅)

 (26) 

 Hunters update their positions to avoid being stuck with the local optimum and to find the global 

optimum. 

 𝑥𝑖
′ = 𝑥𝑖

𝑙 ± rand ∗ (𝑥𝑖
𝑚𝑎𝑥 − 𝑥𝑖

𝑚𝑖𝑛) ∗ 𝛼 ∗ exp(−𝛽 ∗ 𝐸𝑁) (27) 

𝑥𝑖
′ is the leader's position. As the algorithm continues, the solution converges to the optimum point. Finally, 

it is repeated as many as the number of iterations and the program is stopped [27]. First, benchmark function 

is examined in equation 5. This problem has nine design variables and thirteen constraints. 

 

3. Design examples 

In this study, a benchmark and five engineering design problems are discussed. First of all, the constraint 

problem that belongs to the benchmark problems is optimized. Then, the problems of I beam design, three 

truss design, tension and compression spring design, welded beam design, and speed reducer design are 

minimized. The results are presented in tabular form and supported by comparative convergence plots. 

3.1. Constrained problem 

𝑓(𝑥) = 5∑  

4

𝑖=1

𝑥𝑖 − 5∑  

4

𝑖=1

𝑥𝑖
2 −∑  

13

𝑖=5

𝑥𝑖 (28) 

 Subject to 

 𝑔1(𝑥) = 2𝑥1 + 2𝑥2 + 𝑥10 + 𝑥11 − 10 ≤ 0 (29) 

 𝑔2(𝑥) = 2𝑥1 + 2𝑥3 + 𝑥10 + 𝑥11 − 10 ≤ 0  (30) 

 𝑔3(𝑥) = 2𝑥2 + 2𝑥3 + 𝑥11 + 𝑥12 − 10 ≤ 0 (31) 

 𝑔4(𝑥) = −8𝑥1 + 𝑥10 ≤ 0 (32) 

 𝑔5(𝑥) = −8𝑥2 + 𝑥11 ≤ 0 (33) 

 𝑔6(𝑥) = −8𝑥3 + 𝑥12 ≤ 0 (34) 

 𝑔7(𝑥) = −2𝑥4 − 𝑥5 + 𝑥10 ≤ 0 (35) 

 𝑔8(𝑥) = −2𝑥6 − 𝑥7 + 𝑥11 ≤ 0 (36) 

 𝑔9(𝑥) = −2𝑥8 − 𝑥9 + 𝑥12 ≤ 0 (37) 

and side constraints 

 0 ≤ 𝑥𝑖 ≤ 1   (𝑖 = 1,2, … ,9) (38) 

 0 ≤ 𝑥𝑗 ≤ 100  (𝑗 = 10,11,12) (39) 

 0 ≤ 𝑥13 ≤ 1 (40) 

 This problem has been solved with six different algorithms from metaheuristic algorithm methods, FA, 

RFA, PSO, ACO, BA, GSO, and HuS, the results are given in Table 1. 

 The design results of each algorithm are shown in Fig. 1. 20,000 iterations are made for each optimization 

method. The HuS algorithm reached the best solution with -14.8901. BA algorithm gives the worst result. 

When the graph is examined, it is seen that the PSO algorithm converges faster than the other algorithms. 

When the results are examined, the refined firefly algorithm gives better results than the basic firefly 

algorithm. 
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Table 1. Optimum designs of benchmark problems obtained by six metaheuristic techniques 
 FA RFA PSO ACO BA GSO HuS 

x
1
 0.99636 0.99002 0.26895 0.22563 0.78663 1.0000 0.99552 

x
2
 0.99969 0.99641 1.00000 0.26574 0.64589 0.99999 0.99973 

x
3
 0.99543 0.99509 0.99820 0.26214 0.61966 0.99110 0.99864 

x
4
 0.99953 0.99788 1.00000 0.68848 0.81990 0.99970 1.00000 

x
5
 0.99474 0.99889 1.00000 0.86697 0.44664 0.18530 0.99597 

x
6
 0.97393 0.99755 0.99644 0.71616 0.79828 0.99999 0.99930 

x
7
 0.99653 0.99706 0.99996 0.35983 0.76006 0.99999 0.99759 

x
8
 0.99391 0.99787 0.99608 0.19194 0.96256 1.00000 0.99597 

x
9
 0.99131 0.99578 1.00000 0.00826 0.92830 0.99999 0.97746 

x
10

 2.94661 2.96271 2.15160 0.69420 0.66918 0.0986 2.99598 

x
11

 2.92662 2.96974 2.99280 1.24177 2.08203 2.99934 2.99623 

x
12

 2.97210 2.96176 2.99210 0.08761 1.778533 2.99870 2.96939 

x
13

 0.99559 0.99118 0.99990 0.50179 0.51345 0.79111 0.99259 

g
1
(x) -0.13464 -0.09469 -2.317583 -4.59703 -4.38374 -2.90204 -0.01727 

g
2
(x) -0.14316 -0.10529 -2.321038 -4.35250 -4.43618 -2.91979 -0.01945 

g
3
(x) -0.11102 -0.08547 -0.0184392 -3.450495 -3.60833 -0.01966 -0.03760 

g
4
(x) -5.02433 -4.95745 0.0000009 -6.90426 -5.62389 -7.90138 -4.96818 

g
5
(x) -5.07093 -5.00156 -5.007153 -5.76965 -3.08506 -5.00065 -5.00167 

g
6
(x) -4.99134 -4.99903 -4.99401 -6.06107 -3.17878 -4.93022 -5.01978 

g
7
(x) -0.04719 -0.031957 -0.848344 -2.02906 -1.41726 -4.93022 0.0000051 

g
8
(x) -0.01776 -0.022422 -0.00000024 -0.22380 -0.27458 -0.00057 0.00000196 

g
9
(x) -0.00703 -0.029766 0.000000834 -0.25247 -1.07490 -0.00124 0.00000578 

f(x) -14.74665 -14.77034 -13.13744 -6.26909 -5.03953 -11.02778 -14.8901 

 

 

Fig.1. Convergence graph for constrained problem 
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3.2. Engineering design problem 

FA, RFA, PSO, ACO, BA, GSO, and HuS algorithms are evaluated on some of the engineering problems, I 

beam design, three truss design, the tension/compression spring design problem, and the welded beam 

design, speed reducer design. In these problems, the number of iterations is determined as 20000. The aim 

of all problems is to calculate the minimization. The variables that should be used in the design are 

determined through algorithms. 

3.2.1. I beam design 

The I beam design problem which is given in Fig. 2 has a four-variable design problem. This problem is 

derived from a problem reported in Ref. [51]. It should be provided under the given loads under cross-

sectional area and stress constraints. The aim of this study is to minimize the vertical deflection of 𝑓(𝑥) =

𝑃𝐿3/48𝐸𝐼 when the beam length is 5200 𝑐𝑚 and the modulus of elasticity is 523.104 𝑘𝑁/𝑐𝑚2 

 The objective function of the problem is 

𝑓(𝑏, ℎ, 𝑡𝑤 , 𝑡𝑓) =
5000

𝑡𝑤(ℎ − 2𝑡𝑓)
12

+
𝑏𝑡𝑓

3

6
+ 2𝑏𝑡𝑓 (

ℎ − 𝑡𝑓
2

)
2 

(41) 

Subject to 

 𝑔1 = 2𝑏𝑡𝑤 + 𝑡𝑤(ℎ − 2𝑡𝑓) ⩽ 300 (42) 

𝑔2 =
18ℎ × 104

𝑡𝑤(ℎ − 2𝑡𝑓)
3
+ 2𝑏𝑡𝑤 (4𝑡𝑓

2 + 3ℎ(ℎ − 2𝑡𝑓))
+

15𝑏 × 103

(ℎ − 2𝑡𝑓)𝑡𝑤
3 + 2𝑡𝑤𝑏

3
⩽ 56 (43) 

where the initial design range 

 10 ⩽ 𝑏 ⩽ 50, 10 ⩽ ℎ ⩽ 80, 0.9 ⩽ 𝑡𝑤 ⩽ 5,   and 0.9 ⩽ 𝑡𝑓 ⩽ 5 (44) 

 There are four variables in the problem: section width (b), section height (h), body thickness (𝑡𝑤) and 

head width (𝑡𝑓). In the problem, a solution is made for 20000 iterations. The problem is solved by six different 

optimization algorithms and the refined firefly algorithm, and the comparison results are given in Table 2. 

Accordingly, it is seen that the ACO algorithm performs better than other algorithms by finding the smallest 

value among the other results. In the I beam design problem; it is seen that the ACO algorithm gives the best 

solution of 0.00003227. The BA algorithm has the worst solution with 0.00720829. Examining the 

convergence graphs in Figure 3 shows that ACO performs better for this problem. The performance of the 

RFA algorithm is better than the basic FA algorithm. 

 

 

Fig.2. I-beam design  
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Table 2. Optimum design of I-beam design problem 

 FA RFA PSO ACO BA GSO HuS 

b (cm) 49.99978 49.9995 50.000 42.3394 49.6395 50.00 50.00 

h (cm) 79.99840 79.9990 80.000 169.1580 79.8075 79.999 80.00 

𝑡𝑤(𝑐𝑚) 3.34765 3.89054 4.4837 42.0219 1.82301 5.0 4.99894 

𝑡𝑓(cm) 4.99996 4.99994 5.000 11.77813 4.984499 5.0 5.0 

g
1
(x) -52.9907 -505.778 -582.89 -21.4476 -238.600 -650.0001 -649.863 

g
2
(x) -435.201 -53.4115 -53.754 -55.8421 -50.41260 -53.9875 -53.9871 

f(x) 0.0071007 0.0071006 0.007100 0.000032 0.00720829 0.0071003 0.0071003 
 

 

Fig.3. I-beam design convergence graph 

3.2.2. Three truss design problem 

The three-truss design problem which is shown in Fig. 4 is one of the civil engineering test problems for 

constrained algorithms. The problem has three constraints and two variables. Two parameters should be 

manipulated to minimize the weight subjected to stress, bending, and buckling constraints [52]. The problem 

definition and constraints are given in Fig. 4. 

 Minimize function 

 𝑓(𝑥) = (2√2𝑥1 + 𝑥2) × 𝑙 (45) 

 Subject to 

𝑔1(𝑥) =
√2𝑥1 + 𝑥2

√2𝑥1
2 + 2𝑥1𝑥2

𝑃 − 𝜎 ⩽ 0 (46) 

𝑔2(𝑥) =
𝑥2

√2𝑥1
2 + 2𝑥1𝑥2

𝑃 − 𝜎 ⩽ 0 (47) 

𝑔3(𝑥) =
1

√2𝑥2 + 𝑥1
𝑃 − 𝜎 ⩽ 0 (48) 

and side constraints 

 0 ⩽ 𝑥𝑖 ⩽ 1   ,   𝑖 = 1,2 (49) 

The constants are taken as   𝑙 = 100 cm, 𝑃 = 2
kN

cm2
, 𝜎 = 2

kN

cm2
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Fig.4. Three-truss design  

 

Table 3. Optimum designs of three-truss design problem  

 FA RFA PSO ACO BA GSO HuS 

x
1
 0.787954 0.788773 0.789074 0.913244 0.787210 0.78763 0.788497 

x
2
 0.410290 0.40797 0.407119 0.979743 0.412859 0.411240 0.408738 

g
1
(x) 0.0000008 -0.000001 0.0000009 -0.000048 -0.000339 -0.000021 0.00000999 

g
2
(x) -1.461783 -1.46441 -1.465385 -1.455843 -1.459043 -1.460716 -1.463540 

g
3
(x) -0.538216 -0.53559 -0.534614 -0.544205 -0.541297 -0.539305 -0.53645 

f(x) 263.8961 263.8960 263.8958 263.9071 263.9425 263.8994 263.8945 

 

 In the three truss design problem, the HuS algorithm gives the best result with a minimum of 263.8945, 

while the BA algorithm gives the worst result with 263.9425. As seen in Fig. 5, the HuS Algorithm performs 

better. The performance of the proposed algorithm is better than the basic FA algorithm. 

3.2.3. Tension/compression spring design problem 

The purpose of the tension-compression spring problem in Fig. 6 is to minimize its weight. The problem has 

three design variables: wire diameter (d), average coil diameter (D), and the number of active coils (L). 

 The tension/ compression spring design function is examined in Eq. 50. The engineering design problem 

has three design variables and four constraints [53]. The problem definition and constraints are as follows; 

 𝑓(𝑥) = (𝑥3 + 2)𝑥2𝑥1
2 (50) 

 Subject to 

𝑔1(𝑥) = 1 −
𝑥2

3𝑥3
71785𝑥1

4
≤ 0 (51) 

𝑔2(𝑥) =
4𝑥2

2 − 𝑥1𝑥2
12566(𝑥2𝑥1

3 − 𝑥1
4)
+

1

5108𝑥1
2
− 1 ≤ 0 (52) 

𝑔3(𝑥) = 1 −
140.45𝑥1

𝑥2
2𝑥3

≤ 0 (53) 

𝑔4(𝑥) =
𝑥1 + 𝑥2
1.5

− 1 ≤ 0 (54) 
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Fig.5. Three-Truss design convergence graph 

 

 

Fig.6. Tension/compression spring design [52] 

 

and side constraints 

 0.05 ≤ x1 ≤ 2 (55) 

 0.25 ≤ x2 ≤ 1.3 (56) 

 2 ≤ x3 ≤ l5 (57) 

 The results of the algorithms for solving the problem are given in Table 4. The problem is shown as wire 

diameter 𝑑, average coil diameter 𝐷, and variable active coil number 𝑁 as the variables x1, x2, x3, 

respectively. These three design variables are calculated according to the algorithms and the best result is 

obtained. 

 It is seen that while the PSO algorithm gives the best solution value with 0.012883, the GSO algorithm 

gives the worst results with 0.0200664. As seen from the results in Table 4 and the convergence graph in 

Fig. 7, the RFA algorithm also gives better results than the FA algorithm in this problem. The PSO algorithm 

gave the best results for the variables. Optimum values of the three design variables: wire diameter (𝑑) is 

0.05523, average coil diameter (𝐷) is 0.44814, and active coil number (𝑁) is 7.42340. 

3.2.4. Welded Beam Design Problem 

A welded beam design is investigated in Fig. 8. The design aims to minimize the production cost. There are 

four different variables in the problem. These variables are expressed as weld thickness (ℎ), weld length (𝑙), 

beam width (𝑡) and beam thickness (𝑏) [54]. 
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Table 4. Optimum designs of tension/compression spring design problem  

 FA RFA PSO ACO BA GSO HuS 

x
1
 0.05568 0.055895 0.05523 0.09004 0.05489 0.06674 0.05660 

x
2
 0.46062 0.466573 0.44814 1.27178 0.43444 0.75330 0.48679 

x
3
 7.10099 6.907491 7.42340 5.92907 8.27834 3.97967 6.38659 

g
1
(x) -0.005504 -.00124933 0.000000959 -0.00678 -0.04124 -0.19422 0.000009943 

g
2
(x) -0.000091 -.00006284 0.000000837 -0.02391 -0.00839 -0.09075 0.000009993 

g
3
(x) -4.19095 -4.2208090 -4.20344 -3.92445 -3.93469 -3.15091 -4.25266 

g
4
(x) -0.65579 -.65168760 0.66441 -0.71506 -0.67378 -0.45331 -0.63774 

f(x) 0.0129988 0.0129845 0.012883 0.013349 0.013456 0.0200664 0.013079 

 

 

 

Fig.7. Design history graph for tension/compression spring design 

 

 

 

Fig.8. Welded Beam Design [2] 
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 The welded beam design problem function is examined in Eq. 58. The engineering design problem has 

four design variables and seven constraints. The problem definition and constraints are as follows: 

 Minimize 

 𝑓(𝑥) = 1.10471𝑥1
2𝑥2 + 0.04811𝑥3𝑥4(14.0 + 𝑥2) (58) 

 Subject to 

 𝑔1(𝑥) = 𝜏(𝑥) − 𝜏𝑚𝑎𝑥 ≤ 0 (59) 

 𝑔2(𝑥) = 𝜎(𝑥) − 𝜎𝑚𝑎𝑥 ≤ 0 (60) 

 𝑔3(𝑥) = 𝛿(𝑥) − 𝛿𝑚𝑎𝑥 ≤ 0 (61) 

 𝑔4(𝑥) = 𝑥1 − 𝑥4 ≤ 0 (62) 

 𝑔5(𝑥) = 𝑃 − 𝑃𝑐(𝑥) ≤ 0 (63) 

 𝑔6(𝑥) = 0.125 − 𝑥1 ≤ 0 (64) 

 𝑔7(𝑥) = 1.10471𝑥1
2 + 0.04811𝑥3𝑥4(14.0 + 𝑥2) − 5.0 ≤ 0 (65) 

 Variable ranges 

 0.1 ≤ 𝑥1 ≤ 2 (66) 

 0.1 ≤ 𝑥2 ≤ 10 (67) 

 0.1 ≤ 𝑥3 ≤ 10 (68) 

 0.1 ≤ 𝑥4 ≤ 2 (69) 

where 

𝜏(𝑥) = √(𝜏′)2 + 2𝜏′𝜏′′
𝑥2
2𝑅

+ (𝜏′′)2 (70) 

𝜏′ =
𝑃

√2𝑥1𝑥2
, 𝜏′′ =

𝑀𝑅

𝐽
,𝑀 = 𝑃 (𝐿 +

𝑥2
2
) (71) 

𝑅 = √
𝑥2
2

4
+ (

𝑥1 + 𝑥3
2

)
2

 (72) 

𝐽 = 2 {√2𝑥1𝑥2 [
𝑥2
2

12
+ (

𝑥1 + 𝑥3
2

)
2

]} (73) 

𝜎(𝑥) =
6𝑃𝐿

𝑥4𝑥3
2 , 𝛿(𝑥) =

4𝑃𝐿3

𝐸𝑥3
3𝑥4

 (74) 

𝑃𝑐(𝑥) =
4.013𝐸√

𝑥3
2𝑥4

6

36
𝐿2

(1 −
𝑥3
2𝐿
√
𝐸

4𝐺
) (75) 

 The welded beam is made of steel and supports 6000 pound-force. The modulus of elasticity (E) is 

30 × 106psi, shear modulus (G) is 12 × 106psi, beam length (L) is 14 in shear stress value is (τmax) 30,000 

psi and normal stress value (σ max) is 30,000 psi [55]. This welded beam problem is solved by using six 

different algorithm methods. The results of the algorithms for solving the problem are given in Table 5. 



Journal of Structural Engineering & Applied Mechanics 110 

 

Table 5. Optimum designs of welded beam problem  

 FA RFA PSO ACO BA GSO HuS 

x
1
 0.19905 0.201390 0.24348 0.72599 0.21986 0.21445 0.2067 

x
2
 3.64112 3.602030 3.04932 3.80475 3.50224 3.37779 3.45843 

x
3
 9.04015 9.041869 8.30663 5.29021 8.58467 8.86544 9.0156 

x
4
 0.20595 0.205819 0.24348 0.867295 0.23372 0.215460 0.2067 

g
1
(x) -62.9463 -103.74800 -0.00098 -519.599 357.1807 -33.9287 -0.00391 

g
2
(x) -55.04883 -47.818360 0.00000 -1075.896 738.662 -237.914 -0.00195 

g
3
(x) -0.00689 -0.0044293 0.00000098 -0.03838 0.01385 -0.00101 0.0000099 

g
4
(x) -3.4157 -3.419805 -3.33487 -3.2716 3.305503 -3.39821 -3.43038 

g
5
(x) -0.074055 -0.0763898 -0.118479 -0.050592 0.9486 -0.08945 -0.081701 

g
6
(x) -0.23557 -0.2355717 -0.23427 -0.23604 -0.23515 -0.23537 -0.23551 

g
7
(x) -20.5762 -10.12109 -3395.310 -743.491 2500.054 -805.556 -75.12402 

f(x) 1.73951 1.7373 1.85862 1.88087 1.87647 1.76858 1.72838 

 

 There are four variables in the problem: weld thickness (h), weld length (l), beam width (t), and beam 

thickness (b). The problem is solved with six different optimization algorithms and refined firefly algorithm. 

The comparison results and the convergence graph are given in Table 5 and Fig. 9, respectively. Accordingly, 

it is seen that the HuS algorithm performs better than other algorithms by finding the smallest value in terms 

of best, worst, and average results. The algorithms that follow HuS in terms of finding the best value are FA 

and GSO, respectively. In order not to get stuck in the local optimum, the proposed RFA algorithm gives 

better results than the FA algorithm. ACO showed the worst performance for this problem. The optimum 

values found by the algorithms for the variables of the welded beam problem are presented in Table 5. 

Accordingly, the optimum values found for ℎ, 𝑙, 𝑡, and 𝑏 values by HuS, which found the lowest cost, are 

0.206, 3.45, 9.01, and 0.2061, respectively. 

3.2.5. Speed reducer design problem 

The weight of the speed reducer which is shown in Fig. 10 will be minimized by using stresses, deflections, 

and constraints. The variables are 𝑥1 face width, 𝑥2 the module of teeth, 𝑥3 number of teeth in the pinion, 𝑥4 

length of the first shaft between bearings, 𝑥5 length of the second shaft between bearings, and 𝑥6 the diameter 

of the first and 𝑥7 second shafts. 

 The problem has 11 constraints [53]. The problem definition and constraints are as follows: 

𝑓(𝑥) = 0.7854𝑥1𝑥2
2(3.3333𝑥3

2 + 14.9334𝑥3 − 43.0934) − 1.508𝑥1(𝑥6
2 + 𝑥7

2)

+7.4777(𝑥6
3 + 𝑥7

3) + 0.7854(𝑥4𝑥6
2 + 𝑥5𝑥7

2)
 (76) 

Subjected to 

𝑔1(𝑥) =
27

𝑥1𝑥2
2𝑥3

− 1 ⩽ 0 (77) 

𝑔2(𝑥) =
397.5

𝑥1𝑥2
2𝑥3

2 − 1 ⩽ 0 (78) 



111   Üstüner and Doğan  

 

 

Fig. 9. Welded-beam design convergence graph 

 

 

Fig. 10. Design variables of the speed reducer design [56] 

 

𝑔3(𝑥) =
1.93𝑥4

3

𝑥2𝑥6
4𝑥3

− 1 ⩽ 0 (79) 

𝑔4(𝑥) =
1.93𝑥5

3

𝑥2𝑥7
4𝑥3

− 1 ⩽ 0 (80) 

𝑔5(𝑥) =

[(
745𝑥4
𝑥2𝑥3

)
2

+ 16.9 × 106]

1
2

110𝑥6
3 − 1 ⩽ 0 

(81) 

𝑔6(𝑥) =

[(
745𝑥5
𝑥2𝑥3

)
2

+ 157.5 × 106]

1
2

85𝑥7
3 − 1 ⩽ 0 

(82) 

𝑔7(𝑥) =
𝑥2𝑥3
40

− 1 ⩽ 0 (83) 
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𝑔8(𝑥) =
5𝑥2
𝑥1

− 1 ⩽ 0 (84) 

𝑔9(𝑥) =
𝑥1
12𝑥2

− 1 ⩽ 0 (85) 

𝑔10(𝑥) =
1.5𝑥6 + 1.9

𝑥4
− 1 ⩽ 0 (86) 

𝑔11(𝑥) =
1.1𝑥7 + 1.9

𝑥5
− 1 ⩽ 0 (87) 

where 

2.6 ⩽ 𝑥1 ⩽ 3.6, 0.7 ⩽ 𝑥2 ⩽ 0.8, 17 ⩽ 𝑥3 ⩽ 28,  7.3 ⩽ 𝑥4 ⩽ 8.3, 

7.3 ⩽ 𝑥5 ⩽ 8.3, 2.9 ⩽ 𝑥6 ⩽ 3.9,  5.0 ⩽ 𝑥7 ⩽ 5.5 

 

Table 6. Optimum designs of speed reduce design problem  

 FA RFA PSO ACO BA GSO HuS 

x
1
 3.50581 3.501651 3.5000 3.561687 3.508327 3.500003 3.499966 

x
2
 0.700201 0.700018 0.7000 0.709687 0.701039 0.700000 0.70000 

x
3
 17.00031 17.0014 17.000 20.35658 17.044630 17.00206 17.00006 

x
4
 7.31221 7.58337 7.3003 7.470057 8.029846 8.298532 7.300121 

x5 7.765204 7.772187 7.7155 8.031518 7.861442 7.717353 7.715663 

x6 3.355170 3.354811 3.3502 3.501754 3.358119 3.352268 3.350214 

x7 5.288564 5.287802 5.2866 5.340103 5.314514 5.286745 5.286650 

g
1
(x) -0.0759989 -0.074477 -0.07393 -0.079102 -0.0812605 -0.074028 -0.07390939 

g
2
(x) -0.1998175 -0.198553 -0.19801 -0.203407 -0.2064430 -0.198193 -0.19799620 

g
3
(x) -0.4997753 -0.441685 -0.49917 0.529438 -0.3423945 -0.266151 -0.49914860 

g
4
(x) -0.9029523 -0.902615 -0.9046382 -0.896360 -0.9016261 -0.904586 -0.9046311 

g
5
(x) -0.0044078 -0.003624 0.0000007 -0.045000 -0.0058325 -0.000059 0.00000097 

g
6
(x) -0.0010735 -0.000640 -0.0000089 -0.007493 -0.0156226 -0.000050 0.00000276 

g
7
(x) -0.702409 -0.702467 -0.7024981 -0.701786 -0.7012764 -0.702464 -0.70249900 

g
8
(x) -0.0013701 -0.000446 0.0000009 -0.000732 -0.0008933 -0.000000 0.00000979 

g
9
(x) -0.7954355 -0.795731 -0.7958309 -0.795174 -0.7950440 0.795833 -0.7958353 

g
10

(x) -0.0518932 -0.085867 -0.0513276 -0.041138 -0.1360759 -0.165105 -0.05134165 

g
11

(x) -0.0061536 -0.007154 -0.0000238 -0.029581 -0.0146889 -0.000250 -0.00004519 

f(x) 3001.400 3001.105 2994.513 3031.992 3039.720 3004.267 2994.4730 



113   Üstüner and Doğan  

 

 

Fig. 11. Speed Reduce design convergence graph 

 

 As seen in Table 6, the HuS algorithm gives the best result for speed reduce design problems with 

2994.4730. The algorithms that follow HuS in terms of finding the best value are PSO, RFA, and FA, 

respectively. BA algorithm gives the worst result with 3039.720. When Fig. 11 is examined, it is seen that 

the performance of the PSO algorithm is better. RFA algorithm gives better results than the FA algorithm. 

However, it is worse than the HuS algorithm. 

 

4. Conclusion 

The solution capabilities of meta-heuristic algorithms, which are frequently used in recent years, in 

engineering applications may differ. Although metaheuristic algorithms are generally successful in 

optimization problems, the problem structure in which each algorithm comes to the fore may vary in terms 

of performance. In this study, the minimization performances of FA, RFA, PSO, ACO, BA, GSO, and HuS 

algorithms are compared for a mathematical and five different engineering problems. When the I beam 

design problem is examined, the ACO algorithm gives the best solution, while the algorithm that gives the 

best results in other problems is not ACO. However, in the tension and compression spring design problem, 

the best result is obtained from the PSO algorithm. For the other three engineering problems, the algorithm 

that gives the best results is HuS. On the other hand, the ACO algorithm gives the worst result in the welded 

beam design problem. In the tension and compression spring design problem, the worst result is obtained 

from the GSO algorithm. In the other three problems, the worst results are for the BA algorithm. On the other 

hand, the firefly algorithm is improved to get better results in solving engineering design problems in this 

study. It is seen that the refinement design algorithm is mathematically quite simple to adapt to the problems, 

but it is more effective than the simple FA algorithm in finding the solutions to the problems. Position update 

is done so that the RFA algorithm can solve without being stuck to the local. As a result of the improvement, 

it is seen that the RFA algorithm gives better results than the FA algorithm in all problems. In more extensive 

problems, the effectiveness of the improvement made by solving the RFA algorithm can be investigated by 

further studies. 
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