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Abstract

This paper presents a semi-analytical method to investigate the frictionless contact mechanics between a
functionally graded material (FGM) coating and an orthotropic substrate when the system is indented by a
rigid flat punch. From the bottom, the orthotropic substrate is completely bonded to the rigid foundation. The
body force of the orthotropic substrate is ignored in the solution, while the body force of the FGM coating is
considered. An exponential function is used to define the smooth variation of the shear modulus and density
of the FGM coating, and the variation of Poisson’s ratio is assumed to be negligible. The partial differential
equation system for the FGM coating and the orthotropic substrate is solved analytically through Fourier
transformations. After applying boundary and interface continuity conditions to the mixed boundary value
problem, the contact problem is reduced to a singular integral equation. The Gauss—Chebyshev integration
method is then used to convert the singular integral equation into a system of linear equations, which are
solved using an appropriate iterative algorithm to calculate the contact stress under the rigid flat punch. The
parametric analyses presented here demonstrate the effects of normalized punch length, material
inhomogeneity, dimensionless press force, and orthotropic material type on contact stresses at interfaces,
critical load factor, and initial separation distance between FGM coating and orthotropic substrate. The
developed solution procedures are verified through the comparisons made to the results available in the
literature. The solution methodology and numerical results presented in this paper can provide some useful
guidelines for improving the design of multibody indentation systems using FGMs and anisotropic materials.
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1. Introduction homogeneous/inhomogeneous, degree of isotropy,
etc.), the geometry of the applied load (normal
contact, tangential contact, etc.), the friction and
adhesion regime (frictionless, no-slip, etc.), or the
shape of contacting bodies are all systematization
categories [3]. The contact mechanics of
homogeneous isotropic materials was a prominent
issue when studies on contact mechanics were first
investigated. Regarding the literature on the

The field of contact mechanics, concerned with the
deformation of solid materials that are placed in
contact with one another, has a long history, dating
back to the pioneering works of Hertz [1] and
Boussinesq [2]. Contact mechanics issues can be
classified based on a variety of factors. For
example, the type of foundational material law
(elastic/viscoelastic,
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theoretical investigations of the contact mechanics,
problems involving isotropic materials are well
investigated by [4-9]. The reader should consult the
studies [10-17] for sliding contact, partial slip
contact, rolling, and rolling tractive contact. Also,
for frictional, elastodynamic, and thermoelastic
contact problems, [18-20] papers should be read.
However, in parallel with the progress of science
and technology, there has been a tendency toward
new innovative materials in studies in contact
mechanics. As a result, studies on the contact
mechanics of functionally graded materials
(FGMs), a new type of composite material, was
quickly introduced to the literature in the years that
followed. FGMs are non-homogeneous composites
that have been enhanced through the use of special
deposition techniques. The primary advantage of
graded materials over laminated composites is that
the transition from one constituent to another can be
smoothly tailored, thereby avoiding potential
mismatch issues. Contact and indentation of FGMs
have been studied to investigate the response of
elastic graded coatings or interfacial layers using
different material distributions, geometrical and
loading conditions, and solution techniques.
Frictionless and frictional contact problems of
FGMs have been studied using semi-analytical
solutions in [21-25]. In recent years, there has also
been an increase in research interest in the contact
of anisotropic materials.

Willis [26] attacked Hertz’s problem for
generally anisotropic bodies by a Fourier transform
method. A solution to the frictionless contact of
rigid flat indenters on arbitrarily layered,
anisotropic half-planes using Fourier transforms
and the local-global stiffness matrix technique is
presented by Urquhart and Pindera [27]. Lin and
Ovaert [28] investigated a method for solving the
two-dimensional isothermal rough surface contact
problem with friction in general anisotropic
materials. Kahya et al. [29] investigated the
frictionless receding contact problem between an
anisotropic elastic layer and an anisotropic elastic
half-plane when the two bodies are pressed together
with a rigid circular stamp. A mathematical model
which describes the frictional contact between the

piezoelectric body and an electrically conductive
foundation is considered by Migorski et al. [30].
Bagault et al. [31] developed a semi-analytical
method for the contact problem of anisotropic
elastic materials with an anisotropic coating. Li et
al. [32] present the fundamental contact solutions of
a magneto-electro-elastic half-space indented by a
smooth and rigid half-infinite punch. Zhou and Lee
[33] investigated the frictional sliding contact
problem in monoclinic piezoelectric materials
subjected to a rigid punch. The sliding frictional
contact between a monoclinic coating/isotropic
substrate system and a rigid cylindrical punch is
examined by Yilmaz et al. [34]. A double frictional
receding contact mechanics problem for a
homogeneous orthotropic/isotropic  system is
investigated by Yildirim et al. [35]. Comez and
Yilmaz [36] considered the frictional contact
problem of a half-plane that has monoclinic
material property. Song et al. [37] investigate the
two-dimensional frictionless contact problem of the
piezoelectric half-plane under rigid flat and
cylindrical punches. Cao et al. [38] present the
frictional receding contact between a functionally
graded elastic layer and an orthotropic substrate
under the indentation of a rigid flat-ended stamp.
The nonlinear partial slip contact problem between
a monoclinic half-plane and a rigid punch of an
arbitrary profile subjected to a normal load was
solved by Comez et al. [39]. Oner [40] investigated
the receding contact problem of a homogeneous
orthotropic coating resting on a homogeneous
isotropic substrate without any interfacial defects.

Investigation of the literature indicates that there is
no previous study related to the continuous contact
mechanics between an FGM coating and an
orthotropic substrate. These contact mechanics
studies have great importance for the design of
components in the field of tribology, automotive
and aerospace industries. To fill this gap, we
investigate the frictionless continuous contact
problem of an FGM-coated orthotropic substrate
indented by a normally loaded rigid flat punch
using generalized plane strain conditions for the
elasticity equations. The two-dimensional Navier’s
equations of equilibrium and boundary conditions
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are converted into a singular integral equation (SIE)
of Cauchy type using Fourier integral transforms
and then numerically solved to obtain the contact
stress under rigid punch. A parametric study is
conducted to highlight the effects of the normalized
punch  length, inhomogeneity  parameters,
dimensionless press force, and orthotropic material
type on the contact stress, critical load factor, and
initial separation distance.

In section 2, the outline of this study begins with
a definition and mathematical formulation of the
considered contact problem. Following that, the
numerical solution to the resulting SIE is obtained
(Sec. 3). Section 4 seeks to validate the semi-
analytical analysis against available literature
results, as well as to discuss the effects of all
influential  parameters.  Finally, the main
conclusions of this investigation are summarized in
section 5.

2. Statement and mathematical formulation of
the problem

Let us consider a rigid flat punch of length 2a
penetrating FGM coating in the region z=hy, |x|< a,
under the action of a normal force P and the plane
strain problem described by Fig. 1, in which the z-
axis is assumed to be the axis of symmetry.

The Hertz contact stress on the top surface of the
FGM coating is denoted by p(x) acting on the
region |x|<a. The remainder of the top surface is
traction-free. The FGM coating does not adhere to
the orthotropic substrate. From the bottom, the
orthotropic substrate is fully bonded to the rigid
foundation. The body force of the orthotropic
substrate was ignored while the body force of the
FGM coating was considered. The heights of the
FGM coating and orthotropic substrate are assumed
to be hy and hy, respectively. The shear modulus and
mass density of the FGM coating are allowed to
vary exponentially along its height direction as
follows:

14(2) = 1e””, O<z<h )

£1(2) = poe', O<z<h @

0

Fig. 1. Schematic sketch of the continuous contact
problem between an FGM coating and orthotropic
substrate indented by a rigid flat punch

where § and I' can be any nonzero constants that
control the variable speed of the shear modulus and
density in the coating. Their products, fhi and I'hy,
are known as the inhomogeneity parameters
because they uniquely determine the distribution of
shear modulus and density in the coating. The x-
axis is chosen to be the bottom surface of the
coating so that the shear modulus and density
remain continuous at the FGM coating—orthotropic
substrate interface. po and po represent the shear
modulus and density of the FGM coating on this
interface.

For FGM coating, according to Hooke’s law and
the equilibrium equations in the absence of body
forces, the following partial differential equations
in terms of the displacement components u and w
for plane strain state are obtained:

(x +1)U1h, w T By _1)U1h, .+ _1)u1h, 2z

§ )
+B(xy _1)Wlh,x + 2W:I.h,xz =0

(Kl +1)Wlh, zt ﬂ(3_ Kl)ulh, x T (Kl _1)W1h, XX

B @)
+IB(K1 +1)W1h, :t 2ulh, Xz — 0

where a subscript after a comma designates a partial
derivative. Subscript 1 refers to the FGM coating.
The horizontal and vertical displacement
components within the FGM coating are denoted by
u and w, respectively. The solution for the case with
no body forces is denoted by the subscript h. « is the
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Kolosov’s constant which can be calculated
depending on Poisson’s ratio v for plane strain state

by
K1 =3-4y, 5)

Define the Fourier’s sine and cosine transforms
as

Uy, (%,2) = %Iqilh (a,2)sinaxda 6)
0

Wy (X,2) = %,[Wlh (a,z)cos(ax)da @)
0

where a is the transform variable. Above Fourier’s
sine and cosine transforms are used to solve the
partial differential equation system (3—4) reducing
them to a system of ordinary differential equations.
Employing the Fourier transforms to Egs. (3-4)
produces

~(ky + D’ + (1, = Dby 7,
+B(xy _1)[¢lh,z —al//m] =0
~(k =Dy + (- + Dy, 2 + 206y,
+ﬂ[(3— k)ag + (kg + Dy 1 =0

—2ayp ;
' (8)

©)

After solving Egs. (8-9) and using the
corresponding inverse Fourier transforms, we find
the displacement and stress fields for FGM coating
in the form

© 4

Uy (X, 2) = ZJZA]erm ax)da (10)
T
0 =L
27
W, xz AmeJCOSaxda 11
n ( ﬂ_(';]z_;, j (ax) (11)

® 4
O =§J'Z o A-;(-e(x”/”)zcos(ax)da
0

j=1 (Kl_l) i
(12)
200 S H (Ri+8)2
0 )
=— Aig.e) cos(ax)da
O1zh ”IZ(K 1) i (ax)
0j=1\"1
(13)
Tixzh ——I ,uOAj;/je(ijrﬁ)Z sin(ax)da  (14)
o
where

N |~

J
J
J

(40 + ) Why) - 4\/ (-3-2% +#7)
15a
1+K1 ( )

(40 + 2) (1+17) - 4\/ (-3-20 +47)
15b
1+}C1 ( )

(40 + 57) (1+x1)+4\/ (-8-2r + )
15¢c
1+K1 ( )

(40 + 47) (1+x1)+4\/ (-3-20 +x2)
15d
1+K1 ( )
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(3ﬂ+2%i —ﬂkl)(Kj (,B+ n; )(Kl +1)-a? (% +3))

(16a)

j

2j =(3=r)mjRj +a(ry +1) (16b)
é/J :(K'l +1)mj7(,J +0!(3—K'1) (16C)
yj=hj—am; (j=1..4) (16d)

Using Hooke’s law and the equilibrium
equations in the existing body forces, the following
partial differential equations in terms of the
displacement components u;, and ws, for are
obtained:

(Kl +1)ulp,xx +ﬁ(K1 _1)u1p,z + (Kl _1)u1p,zz

(7)
+B(rq _1)W1p,x + 2Wlp,xz =0
(1 ""1)W1p, 7z +ﬂ(3_K1)u1p, « + (g _1)W1p, XX (18)
+B(rq ""1)W1p, :t 2ulp, xz = Ppe(r_ﬁ)z

where subscript p represents the particular solution
related to existing body forces. Also, ppin Eqg. (18)
is defined as follows:

K —1
po =Y g (19)
Ho

o (86 Ty (~1+1y) = (-8 0) (T (111 ) +e7 )

a(4a2 ~ % (x-3) (%, +1))

For the particular solution, assuming
displacement components ui, = uip(x) and wip =
w1p(z), Egs. (17) and (18) yield

(%1 +1)u1p, xx =0 (20)
(1 +:I-)Wlp, z +BB- Kl)ulp, X
r-p)z (21)
+B(q +1)W1p,z = pp€
The solutions of Egs. (20-21) are
U (X) = Kix+ K; (22)
K —3)z e P
W1p(Z)=( 1-3) Ki— Ly
(k1 +1) B
T-p)z (23)
e Pp

+y—————
(g +D(B-D)C
When the displacement expressions ui, and wip
determined above are substituted in the constitutive
equations known from the theory of elasticity, the
stress components are obtained as follows:

Oy = (24)
be F(—1+ zclz )
IL (1 e’ "
o—lzp _ IMO( L.I.( +K1)+ pp) (25) _[lepdz =0 (270)
I_'(—1+ Kl) 0
Tyap =0 (26) by
Oizp = [ ~oge"dz (27d)

K1, Ky, L1, Ly in Egs. (22-25) are the unknowns
and they will be assigned applying the boundary
conditions of the given below.

Uy, (0)=0 (272)

Wip(0) =0 (27b)

z

The coefficients obtained after the application
of the above boundary conditions are given in the
Appendix. The total displacement and stress
components for FGM coating will be the



Computational contact mechanics for a medium consisting of functionally graded material coating ...

254

superposition of two cases for the presence and
absence of body forces.

U (X, Z) = Uy, + Uyp (28)
U (X, Z) = Uy, + Uyp (29)
o1 (X, 2) = o1y + O1xp (30)
01, (X, 2) = oy + O1zp (1)
% | [Cy Cpp Cig
O2y Cxn Cp Cy
%22 _|Ca1 Ca2 Cg
T2 yz 0 0 O
Tows 0 0 0
Ty LO O 0

where oy, Oy, 07, Tyz, Txz and 1y are the stress
components; u and w are the displacement
components. Cj; denotes the stiffness coefficients
for the orthotropic material. The subscript 2 refers
to the orthotropic substrate.

When the constitutive relations are substituted
into the stress equilibrium equations, two partial
differential equations (PDEs) in terms of
displacements are obtained, yielding the governing
equations describing the elastic behavior of
orthotropic materials.

CaUp, xx +Co5lz ;7 +(Ci3 +Co5)Wp ,, =0 (34)

(35)

Similar to the middle tiers for FGM coating,
applying Fourier integral transform to Egs. (34-35),
we have

CssWa, xx +Ca3Ws, 1, +(Ci3+Cos)Up 5, =0

2
—a“Cy1¢hy +Css6, 57 —(Ci3 +Css )y2,, =0 (36)

~a”Cysyy +Cagyz, 1 + @ (C3+Css ) 4y, =0 (37)

0

T1yq (X, 2) = Tpn + T1xzp (32)

The constitutive relations for the plane strain
orthotropy of a substrate can be reduced to the
following matrix form:

Ouy
0 0 7 OX
0 0 0
0 0| % (33)
0 0 OZ
Css 0 ou, oW,
0 Ceol| 7 "ok
0

Solving Egs. (36-37) gives the displacement
and stress fields for the orthotropic substrate as
follows:

© 4
Uy(X,2) = %J.Z Bie"* sin(ax)da

(38)
0 i1
W, (X, z)=%TZ4: B0;e"1“* cos(ax)da (39)
0 i1
)% &
02x(X,Z)=;£aZ_1:Bi(Cn 40)
+Cy30i1;)e"M“* cos(ax)da
)% &
gy (X,2) = ;£a§ Bi(Cys )
+C330;1; )% cos(ax)da
o3 (X, 2) = E'Tai BiCss (7
T S (42)

-05;)e* sin(ax)da
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where
Cy4° — C11Cas + 2C;5C Ci3° —CyC 2 _Cy4Ca3 +4C,3Crs + 4Cce2
13 11033 +2Lq30e5 + 13 11C33 ){ C13 11433 + 4013055 +4Lgg “3a)
Th ==\~ a
2C33Cs;5
2 2 2 2
Cr3” —C11Ca3 +2C13Css5 +\/(C13 —C11033)(C13 —Cy3Ca5 +4Cy5Cs5 +4Css ) 3b)
M =\~
2C33Cs5
—Cy32 +C14Cq3 — 2C15C Cy32 — C11Cas )(Cra? —C11Caq + 4C,5Css + 4Cs°
13+ 011033 13455 + 13- —C11Cs3 )(Ci3 11433 +4Lq30s5 +4lsg “30)
== c
2C33Css
—Cy32 +C14Cq3 — 2C15C Cy32 —CyC 2 _Cy4Cq3 +4C5Ces + 4Cs>
13 + 011033 13455 + 13- —C11Cs3 )(Ci3 11C33 +4Cy3Cs5 +4Css “3d)
Ny =
2C33Css5
(Cy22 = C11Cas + 2C;2Ces + Cec? + CqaCosrti
17| Ci3 1133 1355 55 33557
0. = (436)

I Css(Cp3 +Css)

The coefficients A; and B;, (i = 1,...,4) in Egs.
(10-14) and (28-32) are the unknowns, which will
be determined from the boundary conditions of the
contact problem which solution has to satisfy.

-p(x) -—-a<x<a

o1z (%) = {0 X<-a, X a} (442)
Tixz (X, hl) =0 (44b)
Ty, (X,0) =0 (44¢)
Toyy (X,0) =0 (444d)
01, (X,0) = 03, (x,0) (44¢)
0

&[wl(x,O) —-W,(x,0)]=0 (44f)
Uz (X,—hy) =0 (44¢2)
Wy (X,—hy) =0 (44h)

where p(x) is the unknown contact stress between
the rigid flat punch and FGM coating on the contact
boundary (—a,+a).

3. Deriving SIE, the normalization and
numerical solution procedures of SIE

Taking the Fourier transforms of the boundary
conditions given by Egs. (44) produces an algebraic
equation system. Solving the equation system
yields eight unknowns A; and B; (i = 1,...,4) that
appear in the stress and displacement fields. These
unknowns may be determined in terms of the
unknown contact stress. Notably, A; and B; are
fairly long, and therefore, not presented here.

The problem is reduced to a SIE by using the
punch profile displacement derivative condition
(mixed condition), which is expressed for flat
punch as follows:

am(uh) _

, —a<x<+a 45
o (45)

By substituting the previously determined A
and B; coefficients into equation (45) and after
some algebraic manupilations, the SIE is derived in
the following form:

ij p(t)dt[im(x,t)}:o, _a<x+a (46)
7Z'7a t—x
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where

o0

@ (x.t) = %J-(kl(a) ~A)sina(t-x)da,  (47a)

4
ki(er) =—a ) Amehi (47b)
i=1
A= lim k(@) (47¢)
a—>0
Note that equilibrium of the rigid punch requires
that

[ pyat=p (48)

—a

Note that when the value of press force exceeds
P, the interface separation takes place between the
FGM coating and the orthotropic substrate. The
continuous contact problem can only be solved if
the pressing force is less than P, which has yet to
be determined. To determine the critical load factor
and initial separation distance, the contact stress on
the interface o;(X, 0) should be evaluated first.
Substituting the values of Aj j = 1,...,4) as
evaluated in terms of p(x) into (31), after some
algebra the contact stress between the FGM coating
and the orthotropic substrate can be found as

a1 (%.0) = %f P(He(x.dt+ e (49)

where _

p(x,t) = Tkz (a)cosa(t-x)da, (50a)
0

kz(a):i o a¢ (50b)
< (15-1)

To solve the SIE, the following normalizations
are defined:
X t

_X _t _p(n)
s_a, r_a, Y(r)_P/hl (51)

Making use of the normalizations, the integral
equation is rewritten as

1
o m)[im(s, r)}dr ~0 (52)
7[_1 r—s

Equilibrium condition for the flat punch and the
contact stress between FGM coating and
orthotropic substrate are expressed in the form

1
a
= | Y(r)dr =1 (53)
3l
1 I'hy
0 1-e
o1 (X_) ZEJ.Y(r)(p(s,r)dr +—( )l (54)
P/h ™ rn, 4
where A is the load factor and is defined as:
A= P 5 (55)
Podhy

Through the use of Gauss—Chebyshev
integration formulas, Erdogan and Gupta [41]
successfully tackled two kinds of SIEs. Due to the
existence of singularities of the unknown stress
function at both limits of the integral, the singularity
index of the integral equation (52) is +1, and the
numerical solution of the singular integral equation
can be found as follows

Y(r) = &(r) (1— r2 )71/2 (56)

Based on these observations, we have for an
integral equation, equilibrium condition, and
contact stress between FGM coating and
orthotropic substrate, respectively as follows:

: 1
éw{n = +w(sj,n)}9(n)=0, 57
(j=1...n-1)
%iwin%n) -1 (58)
i=1
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o,(%0) _ax
— 7 = 2 Wie(s; . 1) 3
oIty hlzl 0(s},1)9(K) -
(1—em)1
Th A
where
_ Tz
LN T oy (609)
W= (i=2,..,n-1)
n_
T]:COS[:];_lﬂ'j (i=1...,n) (60b)
sj=cos(%7rj (j=%...,n-1 (60c¢)

The algebraic system (57-58) contains n
equations for the determination of n unknowns, i.e.,
the contact stress &(r;) . The unknowns 4(r;), (i =

1,..., n) are determined from this algebraic system.
By using (56), substituting the results into (59), the
contact stress is evaluated. It should be noted that
the integral equation (52) is valid if the contact
stress obtained from (54) is compressive
everywhere. By varying the load factor A and
evaluating the contact stress for a given value of
a/hy, one can easily determine both the location X
at which the interface separation begins and the
corresponding critical load factor A¢r. This factor is
related to the initial separation load P, by

PC r

A =——
£0 gh12

(61)

4. Results and discussion

In this section, the numerical results of the
continuous contact problem based on the above
analysis will be discussed in detail. The materials
used for the orthotropic substrate are given in Table
1.

First of all, it is aimed to verify the results by
comparing the present study and some special cases
of the present study available in the literature.
Tables 2-5 contain some numerical values related
to this comparing. The FGM coating was
transformed into a homogeneous isotropic layer in
this context by bringing the material inhomogeneity
parameter value closer to zero (by giving a value
very close to zero, that is, fh1—0). The hy height
was set to be very large (h,—), and the substrate
was transformed into a half-plane. If the hae height
is set too low (h,—0), a transition to the monolayer
problem supported on a rigid foundation is
provided. If the a/hy normalized punch length is
chosen too small (a/h1;—0), the special case that is
pressed with a single load is provided. To transform
the orthotropic substrate into an isotropic one, the
elastic constants were determined using the Egs.
(62).

1+«
C]_l — C33 — ( 2);”2 (623)
Ky —1
5= (3_’(2)/12 (62b)
K'2 _1
Css = 117 (62c)

Table 1. Mechanical properties of the orthotropic materials used for the substrate in the study [42-44]

Orthotropic Material

Mechanical Property Material 1 Material 2 Material 3
(Carbon/Epoxy) (Glass/Vinylester) (Boron/Aluminum)
Ex (GPa) 157.9 19.268 2275
Ey (GPa) 9.584 13.210 137.9
E; (GPa) 9.584 13.210 137.9
Lxy (GPa) 5.930 4.572 55.152
uxz (GPa) 5.930 4.572 55.152
uyz (GPa) 3.227 3.7 49.244
Vxy 0.32 0.31 0.24
Vxz 0.32 0.31 0.24
Vyz 0.49 0.35 0.40
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Table 2. Comparison of the results of the present study with the results in Cakiroglu [45], which is a special case of the

present study ((1+x5) 24 / 1+ xq) gty =1, ha—o0)

ahi Present Study Cakiroglu [45]
Acr Xer/h1 Aer Xer/h1
0.5 158.352 3.07 158.305 3.074
1 209.868 3.51 209.738 3.506
2 325.994 453 325.881 4.532

Table 3. Comparison of the results of the present study with the results in Gegit [46], which is a special case of the

present study (a/h1—0, ha—)

Q+x5) 14 Present Study Gegit [46]
(1+ Kl) Ho Acr Xer/h1 Aer Xer/hy
0.1 55.0893 1.89 56.42 1.86
1 139.042 2.90 140.39 2.94

Table 4. Comparison of the results of the present study with the results in Civelek and Erdogan [47], which is a special

case of the present study (h2—0)

oh Present Study Civelek and Erdogan [47]
' s Xerlhi N Xerli
—0 44.136 1.77 44.13924 1.77055

Table 5. Comparison of the results of the present study with the results in Civelek et al. [48], which is a special case of

the present study (h2—0)

a/hi Present Study Civelek et al. [48]
Aer Aer
0.5 58.8567 58.88
1 92.3691 92.40
2 171.052 169.57
First, by  performing the  relevant is also a special case of this study. The comparison

transformations mentioned above, the results of the
continuous contact of the homogeneous isotropic
layer and the homogeneous isotropic half-plane
pressed with the rigid flat punch, which is a special
case of this study and previously studied by
Cakiroglu [45], were obtained. The obtained results
were compared to Cakiroglu [45], and the accuracy
of the results was verified. As a result of the
comparison, it was determined that the results were
quite compatible with one another (see Table 2).
This validated the accuracy of the current study’s
findings.

The second comparison is the comparison made
with Gegit [46], who worked on this problem
before, by transitioning to the contact problem
between the homogeneous layer loaded with a
single load and the homogeneous half-plane, which

results are given in Table 3 and the compatibility of
the results is once again demonstrated.

The results of another special case of this
problem, the continuous contact problem of the
homogeneous isotropic layer resting on a rigid
foundation and loaded with a single load, were
obtained using the above-mentioned
transformations and compared with Civelek and
Erdogan [47]. (see Table 4). This comparison also
showed the accuracy of the results of the current
study as a result of the agreement between the two
studies.

The final comparison made to verify the
accuracy of the results of the study is given in Table
5. The FGM coating was converted into a
homogeneous isotropic layer, and the orthotropic
substrate’s height was chosen to be very small, and
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the problem was matched with the continuous
contact problem of the homogeneous isotropic layer
resting on a rigid foundation and pressed with a
rigid flat punch. The obtained results were
compared with the previously discussed study by
Civelek et al. [48], and it was discovered that the
results were quite close to each other. Thus,
verification of the present analytical procedure is
provided by the comparison.

In Figs. 2-5, the changes of the normalized
contact stress distributions occurring at the punch-
FGM coating interface, depending on the
normalized  punch length, inhomogeneity
parameter, material type of orthotropic substrate,
and dimensionless press force are given,
respectively. The normalized contact stresses, as
shown in the figures, go to infinity under the sharp
edges of the punch and take minimum values on the
axis of symmetry or near the axis of symmetry.
When the integral equation is examined, the sharp
edges of the punch are expected to be singular
points for stresses.

Distributions of the normalized contact stress
along the punch-FGM coating interface are
illustrated in Fig. 2 considering different values of
the normalized punch length. As shown in the
figure, as the punch length increases, the force
spreads over a larger area and the normalized
contact stresses at this interface decrease.

In Fig. 3, the effect of the inhomogeneity
parameter Bhy on the normalized contact stress at
the punch-FGM coating interface is presented.
Using Eq. (1), it is possible to conclude that
changing hl changes the stiffness of the FGM
coating in the z directions. The stiffness of the
upper surface of the FGM coating is greater than
that of the lower surface at positive values of h;.
When h; is negative, the stiffness of the FGM
coating on the lower surface is greater than on the
upper surface.

For instance, if Bhy is equal to 0.6931, the
stiffness of the top surface of the FGM coating is
approximately two times greater than the stiffness
of the lower surface of the FGM coating. If Bh:
equals —1.6094, the stiffness of the upper surface of

the FGM coating is approximately five times that of
the lower surface of the FGM coating.

When Fig. 3 is examined, as Bh; values increase,
or in other words, as the stiffness on the upper
surface of the FGM coating is increased compared
to the stiffness on the lower surface, an increase is
observed in the stresses at the corners of the punch,
while the normalized contact stress values decrease
toward the middle of the punch.

Fig. 4 depicts the normalized contact stress
distributions along with the punch-FGM coating
interface for different material types used for the
orthotropic substrate. The direct effect of stiffness
in the direction of the pressing force is striking
when orthotropic materials are examined. When the
material types are compared, it is clear that the
stiffness increases from Material 1 to Material 3 in
the direction of the pressing force (loading
direction). When using an orthotropic substrate that
is more rigid in the direction of loading, the
normalized contact stress values under the punch
increase toward the punch’s center and decreases
toward the punch’s edges.

a/h,=0.25 w
“ a/h,=0.5 “
6 — “ a/h,=1 \
\ a/h,=3 |

X/a

Fig. 2. The effect of normalized punch length on
normalized contact stress distribution under punch
(Ph1=10.6931, k1 = 1.84, po = 17, Material 1, h1/hz = 1)
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Fig. 3. The effect of inhomogeneity parameter on
normalized contact stress distribution under punch
(a/h1=1, x1=1.84, no = 17, Material 2, hi/h2 = 1)

|
ph,=1.0986 J‘

o Bh,=0.6931 |

| ph,=-0.6931 H

|

| ph,=-1.3863 (

o || I
P/h, I\ Il

Fig. 3. The effect of inhomogeneity parameter on
normalized contact stress distribution under punch
(a/h1=1, x1=1.84, no = 17, Material 2, ha/h2 = 1)

The effect of the dimensionless press force on
the normalized contact stress distributions under
punch is depicted in Fig. 5. Note that P/(uoh1) varies
between 0.01 and 0.1. As P/(uohi) increases, the
values of the normalized contact stress increase
because of the increase in the net pressure on the
contact surface.

\ Material 1
1.6 —| I Material 2

Material 3

Fig. 4. The effect of orthotropic material type on
normalized contact stress distribution under punch
(a/h1=0.8, Bh1=0.4055, x1=1.84, po = 17, ho/h2 = 1)

0.5
h P/(uyh)=0.01
04 _| P/(ueh,)=0.03
PA(11gh;)=0.05
J P/(ioh,)=0.08
‘ P/(jph)=0.1 ‘
0.3 — ‘ ‘
\
p(x) \ \

P/,

Fig. 5. The effect of dimensionless press force on
normalized contact stress distribution under punch
(a/h1 = 0.5, Bh1 = 0.6931, Material 2, hi/hz = 1)

In Figs. 6-9, the effects of variation of
normalized  punch length, inhomogeneity
parameters, and orthotropic substrate material type
on the normalized contact stress distributions at the
interface of FGM coating and orthotropic substrate
are presented. In the case of continuous contact, two
regions emerge, as shown in the figures.
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Fig. 6. Normalized contact stress distributions on the contact surface between the FGM coating and the orthotropic
substrate for various values of normalized punch length (Bhi =0.6931, I'h1 = 0.4055, k1= 1.84, no = 17, Material 2,

hi/hz = 1)
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Fig. 7. Normalized contact stress distributions on the contact surface between the FGM coating and the orthotropic
substrate for various values of inhomogeneity parameter phi (a/h1 = 0.4, Th1 = 0.6931, x1 = 1.84, po = 17, Material 3,
hi/hz = 1)



Computational contact mechanics for a medium consisting of functionally graded material coating ...

262

c,,(x,0)
P/h,

-0.01 —

-0.02 —

-0.03 —

-0.04 —

-0.05 H

x/h,

-0.1 o

-0.2 —

-0.3

04— /

Material 1, x./h;=4.15, A, =146.514
Material 2, x./h;=3.92, X,=129.692
Material 3, x,/h=2.79, ,=118.935

-0.5

Fig. 8. Normalized contact stress distributions on the contact surface between the FGM coating and the orthotropic
substrate for various orthotropic materials (a/h: = 1, pha = 0.6931, Tha = 0.6931, k1 = 1.84, po = 17, ha/h2 = 1)

6,,(x,0)
P/h,

h=-1.6094, x/h=3.75, 1,=39.06

Th,=-1.0986, x,/h,=3.75, A,=47.68
rh=0.6931, x,/h;=3.75, A,=113.36
Ih=13863, x,/h=3.75, A,=170.05

Fig. 9. Normalized contact stress distributions on the contact surface between the FGM coating and the orthotropic
substrate for various values of inhomogeneity parameter T'ha (a/h1 = 0.5, Bh1 = 0.6931, 1 = 1.84, po = 17, Material 1,
hi/hz = 1)

The first is the contact zone where the pressing
force has a large effect, and the second is the contact
zone where the press force’s effect decreases and
disappears. The normalized contact stresses reach
their maximum value in the contact region where
the pressing force is affected, and these points form
the contact stress peaks. Only the effect of the FGM

coating’s body force emerges in the contact region
where the effect of the pressing force disappears,
and the contact stresses in this region are equivalent
to the body forces. Fig. 6 shows the variation of
critical load factor and initial separation distance
depending on the normalized punch length. As seen
in the figure, as the normalized punch length
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increases, the critical load factor increases.
Separations between the FGM coating and the
orthotropic substrate will be more difficult as a
result of this. Another conclusion from the graph is
that increasing the normalized punch length shifts
the initial separation distance away from the
symmetry axis.

In Fig. 7, the effect of inhomogeneity parameter
Bhy change on the critical load factor and initial
separation distance between FGM coating and the
orthotropic substrate is illustrated. The figure
shows that as the inhomogeneity parameter value
increases, that is, as the rigidity of the upper surface
of the FGM coating increases in comparison to the
lower surface, the critical load factor value
decreases while the initial separation distance
increases. This result indicates that the increase in
the relevant parameter value makes the separations
easier, and the position of the initial separation
moves away from the symmetry axis.

Fig. 8 depicts the effect of the material type used
for the orthotropic substrate on the critical load
factor and initial separation distance at the interface
of FGM coating and orthotropic substrate. As given
in Table 1, Young’s modulus in — z direction which
is the loading direction is the highest for Material 3.
The lowest critical load factor value can be seen in
the figure when this orthotropic material is used.
FGM coating is separated from the orthotropic
substrate with less load effect, that is, more easily,
as the orthotropic material becomes more rigid in
the direction of loading. Another conclusion to be
drawn from the graph is that using a more rigid
orthotropic substrate in the loading direction brings
the initial separation distance closer to the axis of
symmetry.

The variations of the critical load factor and the
initial separation distance for different values of the
inhomogeneity parameter I'h; are displayed in Fig.
9. An increase in the value of this parameter with a
positive sign indicates that the density of the FGM
coating’s upper surface is greater than that of the
lower surface. Increasing the aforementioned
parameter’s absolute value with a negative sign
represents the inverse of this situation. As the
density of the FGM coating increases from the

lower surface to the upper surface, the FGM coating
becomes heavier, which, as expected, makes the
separation at the interface of the FGM coating and
the orthotropic substrate more difficult. An
interesting result that emerges from the figure is
that the inhomogeneity parameter ['hy has no effect
on the initial separation distance at the mentioned
interface.

5. Conclusions

In this study, elastostatic contact mechanics
analysis between the FGM coating which is pressed
by a rigid flat punch, and the orthotropic substrate
is performed. The formulation of the contact
problem is carried out considering the general
theory of elasticity. Constitutive relations of the
plane elasticity are utilized under the plane strain
deformation case. The governing PDEs for the
elastostatic contact problem are derived. The
Fourier sine and cosine transformations are used to
solve these PDEs analytically. The unknown
functions that appear in the displacement fields for
the FGM coating and orthotropic substrate are
determined by applying boundary conditions, and
the mixed boundary value problem is reduced to a
SIE. The SIE is solved numerically using Gauss—
Chebyshev integration formulas. Some essential
conclusions drawn from the study are provided as
follows:

» While increasing the normalized punch length
reduces the normalized contact stresses under
the punch, it increases the critical load factor
and initial separation distance at the interface of
FGM coating and orthotropic substrate.

» The increase in the dimensionless press force
causes an increase in the normalized contact
stress values under the punch.

» As the upper surface of the FGM coating
becomes rigid relative to the lower surface, the
minimum value of the contact stress under the
punch decreases. This change in FGM coating
stiffness facilitates separation at the contact
surface with the orthotropic substrate and shifts
the first separation point away from the
symmetry axis. As the value of the
inhomogeneity parameter ['h; increases, that is,
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the heavier the FGM coating, the greater press
force is required for the separation at the
interface with the orthotropic substrate. The
change of this parameter does not affect the
initial separation distance.

For the orthotropic substrate, the value of
Young’s modulus in the loading direction is
important. The normalized contact stress values
under the punch tend to increase toward the
center of the punch and decrease toward the
edges of the punch as Young’s modulus value
in this direction increases, that is, as the stiffness
of the substrate increases in the direction of
loading.

The most difficult separation that will occur at
the interface of the orthotropic substrate and the
FGM coating occurs when Material 1 is used.
The present work provided the theoretical basis
for the design of the FGM coating—orthotropic
substrate system.
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