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Abstract 

Arch dams have strong structural behavior because of their arch geometry. Numerical analysis of the arch 

dams is a necessary not only to validate the structural performance of the existing arch dams but also to 

model and analyze modern dam constructions. Finite element models for the arch dams are generally very 

complicated in terms of having many unknown parameters. In this study, finite element analysis of an arch 

dam is performed with using a shell finite element formulation to investigate the preliminary structural 

behavior of arch dams. A four-node shell finite element is proposed and used for analyzing of an arch dam. 

The arch dam geometry is simplified with using a middle surface. The formulation is verified with an arch 

dam example in the literature. Robustness of using a shell finite element formulation is indicated with the 

finite element analysis. Arch stresses at the upstream and downstream of the dam are presented as structural 

results. It is seen from the results, using a shell finite element is dramatically practical and effective for the 

structural analysis of the arch dams.   
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1. Introduction 

The development of new finite elements has been a 

significant subject in recent years. Shell finite 

elements have a wide using area for engineering 

applications. The main purpose of producing new 

element formulations is to increase the success of 

the finite element analysis using as sparse as 

possible finite element mesh. Different approaches 

can be tried to produce a simple and effective shell 

finite element. One of the methods is to formulate 

a shell element with combining membrane element 

and plate bending element. This method is very 

preferred way of producing shell element because 

of the simplicity of the formulation.  
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 Various studies have been carried out for the 

formulation of finite elements. Groenwold and 

Stander studied on the combinations of membrane 

and plate elements [1]. Bergan and Fellipa prepared 

a finite element formulation considering the out of 

plane displacement [2]. Cook combined a hybrid 

method with out of plane rotation [3]. Long and Xu 

studied to develop appropriate element models [4]. 

Pimpinelli worked on strain quadrilateral elements 

with drilling degree of freedom [5]. Yılmaz et al. 

analyzed the geometrical nonlinear interaction of 

insulating glass panes with using plate element 

formulation [6]. Future work will be done to 

improve the results by making minor changes to 

existing element formulations. 
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 Arch dams have a significant place among the 

all dam types. Remarkable studies have been done 

to analyze of arch dams. Rydzewski produced a 

significant study on the theory of arch dams [7]. 

Bernardou and Boisserie used the thin shell theory 

to analyze arch dam structures [8]. 

 In this study, the plane stress element with 

drilling degree of freedom and the plate bending 

element are combined to obtain a shell end element 

with 6 degrees of freedom in each node and 24 

degrees of freedom totally. The finite element is 

used to perform a numerical experiment for the 

analyzing of arch dams effectively.  

 

2. Finite element formulation of shell element 

The shell finite element is obtained by combining 

the membrane element including the out of plane 

rotation and the plate bending element. Fig. 1 

shows the combination of membrane and plate 

element to obtain the shell element. 

 uc, vc and wc be the displacements in the local x, 

y and z directions, respectively. θx, θy and θz are the 

rotations about the x, y and z axes, respectively. By 

writing the equilibrium equations in the x and y 

directions of the membrane element, the following 

equations are obtained by Eqs. (1) and (2). Where 

Nx, Ny and Nxy represent the x, y and mixed 

component of the force, respectively and q 

indicates the load. 
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 Normal force and strain relationships can also 

be expressed in matrix form as shown in Eq. (3). 

where E, v and h are modulus of elasticity, Poisson 

ratio, and the thickness of plate, respectively. 
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The field terms are chosen for u and v are expressed 

as follows using α and β coefficients in local 

coordinates (s, t). 
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Considering (-1,-1), (1,-1), (1,1) and (-1,1) in local 

coordinate values, respectively for the nodes 

1,2,3,4 of the rectangular element, after some 

mathematical manipulations the shape functions Nu 

and Nv can be found as follows; 
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Fig 1. Shell element obtained by the combination of membrane and plate elements
  

 

 

 

 

 



49   Kömürcü and Yılmaz 

 

 

3

2

3

2

3

2

3

2

(1 ) (3 3) 2 2

( 1)(1 ) (1 )

(3 3 ) ( 1) 2 2

( 1)(1 ) (1 )1

8 (3 3 ) ( 1) 2 2

( 1)(1 ) (1 )

( 3 3) ( 1) 2 2

( 1)(1 )(1 )

s t s t t

a s s t

s t s t t

a s s t

s t s t t

a s s t

s t s t t

a s t s

     
 

   
     
 
   

  
      

 
   

      
 
    

v
N  (7) 

 The following is the classical plate theory 

available in [9]. By writing the equilibrium 

equations in the x and y directions for the plate, the 

following equations are obtained as Eqs. (8), (9) 

and (10). Where V and M are shear force and 

moment, respectively. 
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 If Eqns. (9) and (10) are substituted in Eq. (8), 

the governing differential equation is obtained as  
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 Moment curvature relations can also be 

expressed in matrix form as Eq. (12). Where D is 

the flexural rigidity of plate. 
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 The differential equation is a fourth-degree 

equation at the Kirchhoff plate theory. To obtain a 

confined element the continuity of the 

displacements and slope must be realized. But it is 

difficult to obtain a confined and simple Kirchhoff 

plate element because of the mathematical 

foundation of the requirements are dramatically 

strict. Thus, unconfined plate elements are 

generally used instead of the confined elements. In 

this study, to obtain a confined plate element BFS 

(Bogner, Fox and Schmit) plate element is used 

based on Kirchhoff plate theory [10]. BFS plate 

element has second-degree mixed displacement 

derivations besides x and y displacements and 

rotations about x and y axes. Therefore, the plate 

element has 4 degree of freedom and totally 16 

degree of freedom. 

 To derive the shape functions at the 16 degree 

of freedom plate element, field equations, having 

16 coefficients, are chosen as follows in local 

coordinates (s, t);
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 Considering (-1, -1), (1, -1), (1,1) and (-1,1) in 

local coordinate values, respectively for the 1,2,3,4 

nodes of the rectangular element, after some 

mathematical manipulations the plate shape 

functions Np can be obtained as follows;  
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 The finite element equations can be obtained by 

using Virtual Work Theorem as Eq. (18). 
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 The 12x12 membrane element system stiffness 

matrix KM is obtained by combining the 8x8 

membrane element stiffness matrix with adding the 

4x4 out of plane rotation matrix Eq. (19). 
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 The 12x12 stiffness matrix for the plate element 

KP is obtained by neglecting the 4x4 mixed wxy 

derivatives matrix as shown Eq. (20). 
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The 24x24 system stiffness matrix K of the shell 

element is obtained by combining the stiffness 

matrices of the membrane element with the plate 

element as shown in Eq. (21). 
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3. Numerical arch dam example 

The finite element formulation is applied to the 

Grand Maison Arch Dam. They used the linear thin 

shell theory and conforming finite elements. The 

arch dam geometry is simplified with using a 

middle surface. Thus, the dam can be modelled 

using plane finite element obtained in this study. 

Using plane elements instead of volume elements 

is a practical way of modelling huge structures such 

as dams. Analyze time considerably decrease using 

plane finite elements because of the degree of 

freedom of the system is decreased. 

3.1. Model properties 

The material parameters used for the static analysis 

of the arch dam; Modulus of elasticity is E=2x104 

MPa and Poisson ratio is υ=0.2. These parameters 

are the elastic material parameters of the dam. The 

geometrical properties are used as expressed in the 

study of [8]. The boundary conditions for the model 

are shown in Fig. 2. Fixed ends represent the 

contact surfaces between the arch dam and soil 

surface. Free end represents top of the arch dam. 

Only ½ part of the dam is modelled in terms of 

symmetry using symmetrical boundary conditions. 

Using symmetrical boundary conditions is decrease 

the computational cost of the analyze effectively. 
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Fig 2. Boundary conditions of the dam 

3.2. Result of the finite element analysis 

To test the performance of the element, Grand 

Maison Arch Dam is modelled, and stress values 

are analyzed. The stress values measured at the top 

of the crown cantilever and base of crown 

cantilever. Upstream and downstream stress values 

are calculated as shown in Table 1. Only 

hydrostatic loading is considered for the finite 

element analysis. The stress values are compared 

with the study of Bernardou and Boisserie in 1982 

[8]. The stress values resulted from gravitational 

forces is obtained as seen in Table 2. 

 It can be stated that, the results are compatible 

with their study in terms of the theory and finite 

element models. In fact, the detailed analysis of an 

arch dams is done with considering the changing of 

thickness of the dam. It can be performed with 

taking changing cross-sections of the arch dam. 

Hence, using a middle surface for the analysis will 

be give us preliminary information for the arch 

dams. 

 

4. Conclusion 

In this study, a shell finite element having six 

degrees of freedom at each node and total of 

twenty-four degree of freedom is obtained. The 

membrane and plate element are combined to 

produce the shell element. Finite element analyzes 

are performed on the arch dam to investigate the 

performance of the shell element. As seen the 

compatible results with the Grand Maison arch dam 

example, the obtained shell element can be used for 

other similar arch dams making some 

simplifications such as using a middle surface. 

Although these results are not the exact results for 

the arch dam structures, the formulation can be 

used to perform a preliminary analysis on the arch 

dams to decide approximate values of their design 

parameters to make a detailed structural analysis. 

 

 

 

Table 1. Stress values caused by hydrostatic load for the arch dam (MPa) 

Study 
Top of cantilever Base of cantilever 

Upstream Downstream Upstream Downstream 

Bernardou and Boisserie [8] -4.800 -2.883 2.753 -2.974 

Present study -4.955 -3.175 2.965 -3.156 

 

 

Table 2. Stress values caused by gravitational load for the arch dam (MPa) 

Study 
Top of cantilever Base of cantilever 

Upstream Downstream Upstream Downstream 

Bernardou and Boisserie [8] -1.374 -1.512 -1.107 -0.142 

Present study -1.395 -1.575 -1.135 -0.185 
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